KOTTWITZ'S NEARBY CYCLES CONJECTURE FOR A CLASS 
OF UNITARY SHIMURA VARIETIES 

SEAN ROSTAMI 

Abstract. This paper proves that the nearby cycles complex on a certain 
family of PEL local models is central with respect to the convolution product of 
sheaves on the corresponding afHne flag variety. As a corollary, the semisimple 
trace function defined using the action of Frobenius on that nearby cycles 
complex is, via the sheaf- function dictionary, in the center of the corresponding 
Iwahori-Hecke algebra. This is commonly referred to as Kottwitz's conjecture. 
The reductive groups associated to the PEL local models under consideration 
are unramified unitary similitude groups with even dimension. The proof 
follows the method of |HN02I . 
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1. Introduction 

The object of study in this paper is a certain projective Zp-scheme M'°'^, called 
a local model, and the nearby cycles complex R5'(Q^) on M^'^, a certain complex 
of etale £-adic sheaves. 

The purpose of local models is to give etale-local descriptions of various Shimura 
varieties in a way that uses only module-theoretic language and makes some ques- 
tions and computations more tractable. A major step in computing the Hasse- Weil 
zeta function of a Shimura variety is the computation of the trace of the Frobe- 
nius element considered as a linear map on the stalks of the nearby cycles complex 
R^'(Q£) on M^'^. In this paper, I prove that the nearby cycles complexes on a 
certain class of local models coming from unitary-type division algebras are central 
with respect to a convolution product of etale €-adic sheaf complexes. A corollary 
is that the trace function associated to the Frobenius element as above is a specific, 
effectively computable basis element in the center of the corresponding Iwahori- 
Hecke algebra. This is known as Kottwitz's conjecture. A description of the local 
models considered and a precise statement of the theorem appears below. 

Let Af be the finite adeles over Q. Let G be a linear algebraic group defined over 
Q, let /i : — >■ Gr be an algebraic cocharacter and let K C G(Af) be a compact 
open subgroup. The triple (G, /i, K) (under certain additional hypotheses) is called 
a Shimura datum and can be used to construct a Shimura variety Sh. This Shimura 
variety is defined over some number field E, called the reflex field. Some Shimura 
varieties, for example those whose datum comes from a PEL datum (in particular, 
the case considered in this paper), have an integral model, i.e. a scheme Sh over 0e 
such that She is the original Shimura variety Sh. The fibers over primes p C Oe 
of such an integral model Sh are sometimes smooth (in which case Sh is said to 
have good reduction at p) and sometimes non-smooth (in which case Sh is said to 
have had reduction at p). I now fix a prime p and consider only PEL ("polarization, 
endomorphisms, level-structure") Shimura varieties with parahoric level-structure 
at p. Rapoport and Zink [RZ95| constructed local models of many integral Shimura 
varieties Sh within an axiomatic framework. In some cases, the objects constructed 
by [RZ95j were found to be unsatisfactory; some examples where M'°'^ is not a flat 
scheme were provided by Pappas |PapOO| in the ramifled unitary case and Genestier 
in the even-dimensional orthogonal case. Modifications were made by Pappas and 
Rapoport in subsequent papers [PR03j , |PR05| , and |PR09j , and evidence that these 
modifications produce flat models is supplied by Smithling's recent papers [Smillaj , 
|Smillb| and |Smillc| , which speciflcally address both of the problematic examples 
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previously mentioned. Nonetheless, it follows from [GorOl] that the local models I 
consider (described below) are flat. 

The Hasse-Weil zeta function Z{s, Sh) is defined as a product over all primes 
p C E of local factors Zp{s,Sh), each of which is an alternating product of de- 
terminants involving a lift Frob to Qp of the Frobenius automorphism acting on 
. More precisely, one selects an arbitrary preimage Frob S Gal(Qp/Ep) of 
the Frobenius element in Gal(Fp/Fp) and, via its action on SHq , Frob induces an 
action on the inertia-fixed-points of the global etale ^-adic cohomology of Sh-^ . 

I now briefly discuss the nearby cycles construction R^*. Let X be a Zp-scheme 
and let Xq^ X -f^ Xpp and X-q Xq^ be the canonical maps. Then 

the nearby cycles complex R5'(Q£) on X^ is defined to be the derived complex 
q*{Rp^,{c*{Qi))) (in the etale context), where represents the constant etale £- 
adic sheaf on Xq^ . The nearby cycles construction is a tool to transform the prob- 
lem of calculating cohomology of X-^ into the problem of calculating cohomology of 
Xp^: if X is a proper Zp-scheme, then H'(Xq ;c*(Qf)) = H*(Xp^; R«'(Q<,)), and 
the action by Gal(Qp/Qp) on the left is consistent with the action by Gal(Fp/Fp) 
on the right. This equality is a corollary of base change for proper morphisms (not- 
ing the trivial nature of the nearby cycles construction on the diagram Spec(Qp) ^■ 
Spec(Zp) ^ Spec(Fp)). 

If Sh is proper over Oe then the previous paragraph and the Grothendieck- 
Lefschetz trace formula show that the local factor Zp{s, Sh) of the Hasse-Weil zeta 
function can be calculated by knowing the trace of all powers of Frob on the co- 
homology stalks over Sh{Fp) oi'R'^{Qg). By the etale-local equivalence mentioned 
above, it is the same to calculate that trace on M'°'^(Fp) instead. The alternating 
sum of these traces defines a function r : M'°'^(Fp) Q^. The inertia- fixed- 
points operation makes the trace function r difficult to understand in general, 
and Rapoport suggests replacing t by a similar function t'^^, called the semisim- 
ple trace Junction. Assuming Deligne's weight-monodromy conjecture, r can be 
reconstructed from t'^^. See §2 of |Rap88| for details of this reconstruction. It is 
important to note that the determination of t^^ (but not the local factor Zp{s^ Sh) 
as a whole) is trivial in the case of good reduction, since the nearby cycles complex 
is the constant sheaf. See Lemma 8.6 and the summary Theorem 10. 1 of properties 
of the nearby cycles functor in |Hai05) for more details. 

Haines and Ngo |HN02| consider the split groups GL and GSp and the standard 
local models corresponding to these groups. They prove an instance of Kottwitz's 
conjecture, that the semisimple trace function t^'^ in this situation is essentially 
the Bernstein basis function in the center of the corresponding Iwahori-Hecke 
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algebra (here /i is a certain cocharacter occurring in the precise definition of the 
local model, which is omitted here). In fact, |HN02| proves more-that every member 
of a family of functions, each of which is defined similarly to t^^, is a specific linear 
combination of Bernstein basis functions; see Theorem 11 in |HN02] for a precise 
statement. The strategy of the proof is: 

(1) Construct an ind-scheme M over Zp, which contains M'°'^ as a closed sub- 
scheme and whose extension to Qp, resp. to Fp, is the is the affine grass- 
mannian, resp. full affine flag variety. This requires finding alternate de- 
scriptions of M'°'^ that are more compatible with the usual definitions of 
affine flag varieties as unions of sets of lattice-chains. 

(2) Via the embedding of Mp^ into the full affine fiag variety, prove that the 
semisimple trace function t^'^ is an element of the Iwahori-Hecke algebra H 
and construct products *q and *p of complexes of etale £-adic sheaves on 
Mq and Mp such that (via the sheaf-function dictionary) *p categorifies 
the convolution product in Ti. 

(3) Show that the nearby-cycles functor is a "homomorphism" with respect 
to these two products and that the product of the relevant complexes on 
Mq is commutative. It follows that the product on M^'^ of the relevant 
complexes is also commutative. 

On the other hand, Gaitsgory jGaiOl] proves a similar result (albeit not in 
the context of Shimura varieties) for split connected reductive Fp((<))-groups G. 
One of the objects occurring in [GaiOlj is an ind-scheme Fix, reportedly due to 
Beilinson, defined over a smooth curve X such that one fiber is the full affine flag 
variety for G and every other fiber is essentially the affine grassmannian for G; 
see Proposition 3 of |Gai01| for a precise statement. The main result of |Gai01) is 
that the nearby cycles functor on Fix induces the isomorphism (the composition of 
the Satake and Bernstein isomorphisms) from the special parahoric Hecke algebra 
H(G'(Fp((t))); G(Fp[[t]])) to the center of the Iwahori-Hecke algebra; see Theorem 
1 in [GaiOl] for a precise statement. 

I now describe the specific contents of this paper. The Shimura data that I 
consider are similar to those occuring in Kottwitz |Kot92| , except I consider Iwahori 
level structure rather than hyperspecial maximal level structure. Let D Q be an 
imaginary quadratic extension with ring of integers O. Let D he a central division 
i^-algebra and suppose that D has a unitary (2nd kind) involution *. To this pair 
{D, *) is attached a certain similitude group G defined over Q. Let 2 ^ p 6 Z 
be a prime for which G = Gq^ is quasi-split and split over Qp""^"^. Since the case 
when p splits in O is known (see Haines [HaiOSj ). I assume that p is inert in O. 
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After selecting a minuscule cocharacter /i, one can define the local model M'°'^, 
an Os-scheme for a certain extension -E/Qp which is called the reflex field and 
depends on the G(Qp)-conjugacy class of ^. By inertness, Fp — F (X)q Qp is a 
field, the completion of F at p, and D (E)q Qp = Md{Fp). It follows that G is 
a unitary similitude group (possibly not quasi-split) and is quasi-split if and only 
if the involution *p is isomorphic to the standard one. See H3.2\ for more details. 
Moreover, the reflex field E must be either Fp or Qp, and since Fp is also the 
splitting field of G, the case oi E — Fp reduces to the case of GL and I may assume 
without loss of generality that E = Qp. This also implies that the dimension d is 
even and that the signature of ^ is {d/2, d/2). See i )3.3l for more details. 

Gortz's idea that M'°'^ can frequently be embedded into an appropriate affine 
flag variety holds in this case and the semisimple trace function t^^ on M'°'^(rp) 
can therefore be interpreted as an element of the Iwahori-Hecke algebra H of GUd. 
Kottwitz's conjecture is that this element of H is a certain scalar multiple of the 
Bernstein basis function Zfj, associated to /i. By Haines's characterization (Theorem 
5.8 in }Hai01| ) of minuscule Bernstein basis functions, Kottwitz's conjecture (in the 
case at hand) follows from the main theorem of this paper: 

Main Theorem. Suppose 2 7^ p £ Z is inert in O and let M'"'^ be the local model 
over Zip associated to the unitary-type division algebra datum (D, *, fi) as above, 
and suppose that the similitude group attached to (D, *) is quasi-split. 

Then 'M}°'^ is isomorphic to the standard local model corresponding to the (un- 
ramified) unitary similitude group GUd associated to the extension Fp/Clp and the 
nearby cycles complex R^'(Q^) on M^*^, considered as a complex on the full affine 
flag variety J-i^ of GU^, is central with respect to the convolution product * of 
sheaf complexes, i.e. R^'(Q^) * C ^ C * R5'(Q£) naturally for every perverse 
Iwahori-equivariant complex of etale i-adic sheaves C on . 

r p 

Via the sheaf-function dictionary, the associated semisimple trace function t^^ 
is therefore a central element of the Iwahori-Hecke algebra ofGVd- 

Kottwitz's conjecture, whenever it holds, allows t^^ to be computed explicitly: 
the Bernstein basis functions can be computed in a systematic way using only some 
well-known information about linear algebraic groups and Coxeter groups. This can 
be done on a computer or even by hand, in low rank cases. 

Upon completion of this paper, Pappas and Zhu released a preprint [PZllj 
which proves Kottwitz's nearby cycles conjecture in all cases where the group is 
unramified. This includes the unitary group cases considered in this paper. This 
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paper and [PZll] constitute the first proofs of Kottwitz's conjecture in the non-split 
case. 

I now give an outhne of the paper. 

In ^ (page [8]), I choose the objects that wiU eventuaUy be used to construct 
the local models, set some conventions, and recall various classical results about 
simple algebras, hermitian forms, involutions, etc. 

In 21 fpage fTB)) . I recall and also prove some commutative algebra lemmas that 
are used throughout the paper. 

In fj5] (pagefTS]). I recall the definition of the local model as it appears in |RZ95| 
and rephrase parts of the definition in equivalent ways that are more obviously 
related to affine flag varieties. 

In IJB] (page , I analyze what happens to these conditions after applying 
Morita equivalence to change the target categories of M'°'^ from Af£;(0)-Modules 
to O-Modules. 

In Sj7| (page [29)) , I simply summarize the final version of the definition of M'°'^ 
after incorporating all changes from ij5] and ^ 

In fJS] (page[5T|l. I define an ind-scheme M, prove some basic properties about 
it, and prove that it is a degeneration from the affine grassmannian over Qp to the 
full affine flag variety over Fp. 

In i|9l (page I44p ■ I define an ind- group J which acts on M and which is similarly 
an interpolation between the special parahoric over Qp to the Iwahori over Fp. I 
prove that the subgroups comprising J are smooth, which is critical in order for the 
semisimple trace function to be an element of the Iwahori-Hecke algebra. I also 
give Schubert cell decompositions for the subschemes comprising M. 

In t jl 01 f page [55)1 ■ I set notation and conventions for the sheaf theory I will use, I 
recall the precise definition for the semisimple trace function t^^ that is the subject 
of this paper, and I verify that t^^ can be interpreted as an element of the Iwahori- 
Hecke algebra for GUrf. I then restate (without proof) the main theorem of the 
paper, prove that M^""^ is a flat scheme (using [GorOl] ). and show how Kottwitz's 
conjecture follows from the centrality of the nearby cycles complexes. The proof of 
the main theorem occurs in iJT4] and requires the material from iJTTl p2l and fJTSl 

In fTTl (page [56]) ■ following a well-known general recipe from |Lus97j . I define 
several objects and morphisms, the totality of which is commonly referred to as a 
"convolution diagram" , and prove various properties (representability, finite-type, 
etc.) about those objects and morphisms. 
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In §121 (page IGT)) . I define an ind- group J, similar in spirit to J, whieh acts 
on some objects in the convolution diagram, and I prove several critical and non- 
trivial facts about the action of J on the objects in the convolution diagram. I also 
mention some important simplifications that occur over Qp and Fp. 

In [JT3] (page l82|) , I use the convolution diagram to define a product operation 
between complexes of etale ^-adic sheaves, and I explain why this product induces 
the usual convolution product in the Hecke algebra. 

In SjM] (page [87)) , I use the material from jQH [JT2] and [JTS] to prove the main 
theorem. 

The main difficulties in this proof occur in SjHland i il2l A collection of properties 
(involving connectedness, smoothness, and transitivity) related to the groups J and 
J are necessary in order to construct the convolution product and needed to be 
proved from scratch. 

Besides proving Kottwitz's conjecture in the unramified unitary case, the proofs 
given here can also be easily adapted to give corresponding proofs for the case of 
GSp in |HN02j , and so this paper can also be used as a sort of "reading companion" 
for |HN02j . 

I thank my adviser, Thomas Haines, for suggesting this question in the first 
place, for all his support throughout graduate school, for many helpful discussions 
during the solution of this problem, and for numerous improvements to the final 
draft. 



2. Notation and conventions 

Let be a totally imaginary quadratic number field. Let O be the ring of 
integers in F. Let D be a central division F-algebra such that A\mp{D) = (P . Let 
*:£)—>■ 13 be a unitary (or "2nd kind") involution. Let p G Z be a prime that 
is inert in O. Denote by Fp the finite field with p elements. Fix field embeddings 
Q ^ C and Q ^ Qp. I frequently use the following simple and related facts: 

dcf 

• Fp = F (g)Q Qp is an unramified quadratic extension of Qp and the au- 
tomorphism of Fp induced by the non-trivial element of Gal(F/Q) is the 
same as that of the non-trivial element of Gal(Fp/Qp). 

dcf 

• Dp ~ D (g)Q Qp = D (^F Fp is a central simple Fp-algebra, and * induces 
a unitary involution *p on Dp. 
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del 

• F — Fp (g)z O is the residue field of Fp, and tlie automorpliism of F induced 
by the non-trivial element of Gal(i^/ Q) is the same as that of the non-trivial 
element of Gal(F/Fp). 

All rings are assumed to have 1. I denote by and G™ the additive and 
multiplicative algebraic groups R (i?, +) and R {R^ , •). If i? is any ring, the 
category of commutative _R-algebras is denoted i?-Algebras. I call any _R-algebra 
that is also a field an "i?- field". By a "geometric point" of an _R-scheme X, I mean 
a /C-point where K is a separably-closed i?-field. I usually make no distinction 
between a morphism of schemes and its associated functor-of-points. In the later 
portion of this paper, I frequently use the trivial observation that, for a (commu- 
tative) ring R, any property that holds "Zariski-locally on Spec(i?)" holds, period, 
if i? is a local ring. 

Let K/k be a separable quadratic field extension with non-trivial Galois auto- 

tj- 

morphism x t-^ x. The standard involution X t-^ X on X-matrices is sometimes 
called *std. A function (p : K'^ x K'^ K \s & "iiT/fc-hermitian form" iff it is 
fc-bilinear and satisfies (p{xv,w) = x(p{v,w) = (j){v,xw) for all w, w G K'^, x £ K. 
I frequently denote by id^ the "anti-identity" matrix, the matrix with 1 in the 
anti-diagonal entries and in all other entries, with dimension implied by context. 

Assumption, p 2. 

Remark. This assumption is used in the proof of Provosition \3.2.'^ (page{T^ and 
Proposition \9.2.2\ (page 

3. Description of the PEL datum 

3.1. The global PEL datum. The starting point is to form a global PEL datum 
(-B, t, y, -0) using the pair (D, *). Consider the following data: 

dcf 

• finite-dimensional simple Q-algebra B — £)°pp 

• positive involution l : B ^ B defined by 

for certain ^ € D satisfying ^* = — ^ (see §5.2 of }Hai05] for existence of 
such an element) 

def 

• finite-dimensional left i?-module V — D with B acting by ri^/ii-multiplication: 
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• alternating Q-bilinear form ip ■ V V ^ Q defined by 

which automatically satisfies 'il}{b -k v,w) = ip{v, i{b) * w). 

Remark. Two different products D x Z) — > Q as above can induce the same in- 
volution L on B, due to the fact that ip induces an involution on EndF-iin(-D), of 
which B is only a proper subalgebra. 

From this data one can define an affine algebraic group G: for any (commuta- 
tive) Q-algebra R, set 

GiR) {geD^QR \ 3c{g) e i?><such that = c(.g)V'i?(-, -)} 

(the "D" used to define G is really EndB-\m{V) ~ D, i.e. D acting by left- 
multiplication onV ~ D; this action is B = Z)°PP-linear because of associativity of 
multiplication in D) 

By definition of ip (noting the previous parenthetical comment), another de- 
scription of G is 

G{R) ^ {x e D R I g*^''^-geR''} 
I select also an R-algebra homomorphism 

h:C-^ EndB-ii„(V") ®q R = D (g)Q R 
and require that h satisfies 

• h{z) = /i(z)*®''i 

• B(g)Q'R i?(8)QR defined by 6 1-^ ft,(?;)^^ •6*®'^-/i(i) is a positive involution 
Any h satisfying the first property can be used to define a cocharacter 

fi — ■ Gq — > Gc- 

See ij33] (page [14]) for details. Set Bp B (g)Q Qp and similarly for D, V, *, ip. 
Let Ob C B = D°pp be a maximal order such that Ob ®z Tip is a maximal order 
Ob, in Bp. 

Assumption. Lp{Ob,) = Ob,- 

This standard assumption guarantees that if A is an Osp-submodule of Vp, 
then the dual module 

A {x(^Vp I Vp(A, x) C Zp} 
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is again an Os^ -module. I also use this assumption in the proof of Proposition 
[3Xl(page[l0l). 

I will also need to select a certain chain (• • • C Ag C Ai C • ■ • ) of Osp-lattices 
in = Dp. See ij5.ll (pagelH]) for more details. 

The datum used to define the local model is the tuple 
(B,6,T/,^,^,OB,F,{A0.ez) 

3.2. Theorems about unitary involutions, hermitian forms, etc. 

Proposition 3.2.1. The central simple Fp-algebra Dp is split, i.e. Dp = Md{Fp) 
as Fp-algehras. 

Proof. By Wedderburn's theorem, the central simple -Fp-algebra Dp is a matrix 
algebra over some central division Fp-algebra. Since Dp has a unitary involution, 
Corollary 8.8.3 on page 306 of jSch84j states that this division algebra has a unitary 
involution also. But Albert's theorem (Theorem 10.2.2(ii) on page 353 of [Sch84] ') 
states that, over a local field, the only division Fp-algebra with a unitary involution 
is Fp itself. □ 

Remark. This result is explicitly part of Landherr's theorem (Theorem 10.2.4 on 
page 355 of |Sch84j j. In the above proof, the assumption that p is inert guarantees 
that D ®Q Qp is a simple algebra. 

This means that Gq^ is always a unitary similitude group, although depending 
on *, perhaps Gq^ is not quasi-split. 

Using Proposition 13 . 2 .Tl fix some isomorphism Dp ^ Md{Fp), and consider *p 
and ip as unitary involutions on Bp = Md{Fp)°^^ via this isomorphism. 

In i i6.2l (page [23]), I will use the following proposition: 

Proposition 3.2.2. There exists an Fp-algebra automorphism (necessarily inner 
by Skolem-Noether) of Bp = Md{FpY'^^ that identifies Lp with *std and Ob,, with 
MdiOFj"". 

Proof. This is actually just Theorem 10.2.5 on page 355 of [Sch84] but it is not 
clear just from the statement ("almost all primes"), so I make some additional 
comments. 

Let K/k be a quadratic extension of global fields with non-trivial Galois auto- 
morphism X ^x. Let A be a central simple i^- algebra (dim/^ (A) = n^), and / a 
unitary involution on A. The assertion of Theorem 10.2.5 is that for all but finitely 
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many primes p of k, there is a X-algebra isomorphism A ®k Kp = Mn{Kf) such 
that / becomes identified to *std- 

A careful reading of the proof shows that, for a particular p, such an isomor- 
phism exists provided that: 

(1) p is non-archimedean 

(2) char(Ofe/p) ^ 2 

(3) p is not ramified in K 

(4) A ®Q Qp is split, i.e. a matrix algebra 

(5) / stabilizes a maximal order in A ®q Qp 

The key point is that the initial setup of this proof is unnecessarily restrictive: 
|Sch84] chooses a single global order A C A, creates the /-stable order A n /(A), 
considers only those p for which the completion at p of this new /-stable order is 
maximal, and notes that there are only finitely many exceptions. Really, all that 
is needed is that for each p (with only finitely many exceptions), there is some 
/p -stable maximal order (possibly depending on p). 

My situation assumes (1) and (3), I have explicitly assumed (2) and (5), and 
Proposition 13 . 2 .Tl provides (4), so the first part of the proposition is proven. 

It is obvious from the proof that the isomorphism sends the /-stable maximal 
order to Md(OFp)- □ 

Fix an isomorphism 

(/?p, .p, Ob,) = {MdiFpr", *std, M,{OfJ^'') 

as in Proposition 13 . 2 .21 

Recall the following classification theorem for unitary involutions: 

Classification of Unitary Involutions (Theorem 8.7.4 on pages 301-302 of 
|Sch84| ) . Let K/k be a quadratic extension with non-trivial Galois automorphism 
X 1-^ X. Let A be a central simple K -algebra and fix a K/k-unitary involution I . 

(1) if b E A^ satisfies b = I{b), then the function Inn(5) o I is a K/k-unitary 
involution 

(2) if J : A ^ A is a K/k-unitary involution, then there is anb E A^ satisfying 
b = 1(b) such that J = Inn(6) o /, and this b is unique up to scalar in k^ 

(3) there exists an isomorphism (A, Inn(a) o /) — > [A, Inn(6) o /) if and only 
if there exists c Cz A and a E K such that b ~ a{c ■ a ■ /(c)) 
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Recall also the correspondence between unitary involutions and liermitian forms 
in the split-algebra case (by Proposition l3.2.l] (page [T0l) . this is the case of interest): 

Correspondence between Unitary Involutions and Hermitian Forms. Let 

K/k be a quadratic extension with non-trivial Galois automorphism x and let 
(pH ■ K'^ X K'^ —^Kbe the (necessarily K / k-hermitian) form defined by 

f / \ dcf tr TT 

(Ph{v, w) = V ■ H ■ w 

and let *h ■ Md{K) — >■ Md{K) be the (necessarily K/k-unitary) involution defined 
by 

X*" H -X'' ■ 

Assertion: 

(1) any K / k-hermitian form K'^ x K'^ K is can be written as (pn for some 
H satisfying H — H 

(2) any K/k-unitary involution Md{K) — > Md{K) can be written as *h for 
some H satisfying i?*' = H 

(3) the involution induced by on Md{K) is exactly *}j 

(4) the function (pH ^ *h descends to a bijection between isometry classes of 
K/ k-hermitian forms 

K'^ X K"^ — > K 
and K/k-unitary involutions 

Md{K) Md{K) 

Assertions (1) and (3) are trivial. Assertion (2) is a special case of the "Clas- 
sification of Unitary Involutions" . To verify (4) , first note that if the vector space 
K'^ is transformed by A G G\^d{K) then the hermitian form (pn is transformed into 

(v, w) ^— > {A{v)Y' ■ H ■ AH = t'*' ■ (^*' ■H-^)-w 

In other words, (pH is transformed into 4'a^'-h-'a- Second, note that if Md{K) is 
transformed by Inn(A), then the involution *h is transformed into 

X ^ A{H{A-^XAy''H-^)A-^ = {AHA^')X^\AH'A^')-^ 

In other words, *h is transformed to into This proves that the func- 

tion (pH ^ *H descends to a function from isometry classes of hermitian forms 
to isomorphism classes of unitary involutions. By parts (2) and (3) of this Corre- 
spondence, the function is surjective. By part (3) of the "Classification of Unitary 
Involutions" , it is injective : if two hermitian forms induce two involutions that are 
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isomorphic, then part (3) of the Classification guarantees a certain element "c" , 
and this element can be applied to K'^ in order to transform one hermitian form 
into the other. 

When k = Qp' (including p' — 2), these classifications can be made much more 
specific and it is well-known (see §10.6.5 of |Sch84j ) that for each dimension there 
are exactly 2 isometry classes of hermitian forms, and if that dimension is even 
(as in my situation), then these hermitian forms yield 2 non- isomorphic unitary 
similitude groups, only one of which is quasi-split (if the dimension is odd, then the 
unitary groups associated to the two hermitian forms are isomorphic and quasi- 
split). It is clear that whether or not Gq^ is quasi-split depends on *p. I address 
this question at the end of this subsection. 

I recall a correspondence between certain bilinear forms occuring frequently in 
the theory of PEL local models and certain hermitian forms. Fix an element C G if 
such that C — — C- Let ^-(p : K'^ x K'^ — > fc be an alternating fc-bilinear form. I call 
such a ^ij} internally hermitian iff for all A G Md{K) and v,w ^ K'^ it is true that 

V(A(v),u;) =V(v, !*'■(«;)) 
I use the following correspondence in iffl (page[29|): 

Extraction of Hermitian Forms. The function 

^(f^ {{v,w) ^TrK/k{C ■''<l^{v,w))} 

is a bijection between K / k-hermitian forms K'^xK'^ — > K and internally-hermitian 
alternating k -bilinear forms x — > k. The inverse function is 

V" — > < {v,w) h-> 1 

Fix such a hermitian form Note that the involution induced by '^(p on 
Md{K) is the same as the one induced by 

Let be the usual similitude group associated to the functor assigning to 
each (commutative) fc-algebra R the group 

"G(i?) = {g e Md{K ®k R) I g"*®'" ■ 5 e i?" } 

The following lemma will be used in fJ7] (page [29]) to simplify and concretize the 
description of certain lattice-chains: 

Lemma 3.2.3. Consider the following 4 statements: 

(1) '^G is quasi-split 
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(2) there is a K -algebra automorphism of Md{K) transforming into the stan- 

tj- 

dard unitary involution X i-^ X 

(3) there is a K -linear automorphism of K'^ transforming °0 into the standard 
K / k-hermitian form (u, w) i~> w'"' • W 

(4) the involution on Md(K) stabilizes a maximal order 
When k = Qpi and p' =/= 2, these are equivalent. 



This is 



Proof (P) <^ Q This is obvious from the definition of °G. Q ^ dS]) 
immediate from the above "Correspondence between Unitary Involutions and Her- 
mitian Forms". (I2l) ll]) This is triviah by the Skolem-Noether theorem, 

This fof 



stabihzes the maximal order H ■ Md{0) ■ for some H . (HJ ^ © 
lows from the discussion following the above "Classification of Unitary Involutions" : 
in the case of fc = Qp' , the isomorphism class of the quasi-split unitary similitude 



group corresponds to the isometry class of the standard hermitian form. Q <S= (21) 



This is just Proposition [3X2l (page HO]) . □ 

Remark. Of course, several of the implications in the lemma are true without one 
or both assumptions. 

Because of this lemma, the following assumption will simplify the description 
of the local model considerably: 

Assumption. Gq^ is quasi-split. 

Remark. This is a contextual assumption; see the introduction. See Sj^ (page \EW 
for the application of this assumption and the lemma. 

dcf 

3.3. Determining the reflex field. Let Dc ~ D ®q C and let Dj^ and £>_ be 

the -\-i and —i eigenspaces in Dc of the linear operator h{i). Since h is R-linear, 
the minimal polynomial of h{i) divides -I- 1 and so Dc = -D+ Z?_. Note that 
acting by h{z) on Dc is the same as acting by (z, z) on D+ © D_. 

Define /ic : C x C — > Dc to be the composite 

C X C ^ C ®R C (i? ®Q R) ®R C = 

Note that h{z) e G(R) and hdz, 1) e G(C) for z e C^. 

Define fi{z) =^ hc{z, 1). As an operator on Dc, this ii{z) acts by z on and 
by 1 on Z?_. In particular, n is minuscule. The set of all fi coming from all the h in 
a G(R)-conjugacy class is a G(C)-conjugacy class of cocharacters Gg Gc, and 
this conjugacy class is defined over some finite extension E D Q, called the reflex 
field. 
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On the other hand, if e, e are the two embeddings F ^ C 

Dc ^ {D®, C) X {D ®^C)°PP 

d® z I — > {d ®) z,d* ® z) 

(as C-algebras) and of course each of these D ®p C is isomorphic as an R-algebra 
to Afd(C), with the C-action depending on which embedding is used. 

Recalhng that G(C) = GLd(C) x C^, I can choose within the conjugacy class 
of cocharacters one whose image is in the diagonal torus. Using this cocharacter, 
the eigenspace D+ is, with respect to the decomposition 

Dc - Mrf(C) X Mrf(C)°PP, 

the subspace consisting of the entries making up the top r rows (this is the definition 
of r) of the Md{C) factor together with the entries making up the bottom s := d — r 
rows of the Md{C)°^'^ factor. Then 

rd ^ dimc(L'+ n (D ®, C)) = dimc(L'- n {D ®jC)°^^) 
sd = dimc(L'- n {D (K), C)) = dimc(i:'+ n {D (g,-^ C)°pp) 

By page 274 in jRZ95) . one way to construct E is to adjoin to Q the traces 

Trc(a;; -D-) for all x £ D. Pick x ^ D and, recalling the classification of involutions 

Cl- 
over an algebraically-closed field, let {X, X ) he the image of x under 

D^Dc = Md{C) X Afd(C)°PP 

With an appropriate choice of basis, the C-linear operation of x on Z) is given by 
the matrix 

X © • ■ • © X {d times) 
on Md{C) Dc and by the matrix 

X*"^ © • • • © X*"^ {d times) 

on Md{C)°^^ ^ Dc- By the choice of /z and the corresponding representation of 
_D+ and D-, 

Trc(x; D^) = sTrc(X) + rTrc(X"') = sTrc(X) + rTrc(X) 

Since x £ D, X e Md{F) C Md(C) and so E C -F. It follows that if r = s then 
Trc(a;; D^) G Q and E = Q. Conversely, if r 7^ s then there are certainly x E D 
for which Trc(a;; £>_) ^ Q, and E = F. Note that the assumption E = Q forces d 
even. 



Assumption. E = Q. 
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Remark. This assumption is justified because the case of'E = F can be reduced 
to the case of Gh, which is known by |HN02j ,• see the proof of Lemma \10.4-l\ (page 

By using the embedding Q ^ Qp, the cocharacter /x defines a cocharacter 
— )■ Gq . The G(Qp)-conjugacy class of this is (at least) defined over the 
completion E (still called the reflex field) of E at the prime corresponding to E ^ 
Qp . The cocharacter /i itself is split by some (possibly non-trivial) extension E' D E 
and defines a similar weight decomposition 

Md{Fp) E' = Md{Fp)+ © Md{Fp)_ 

as above. 

4. Some commutative algebra lemmas 
I will use the following several times: 

Local Criteria for Projectivity (Theorem 1 on page 109 of |Bou98j ). Let TZ be 

a commutative ring and let M be an TZ-module. The following are equivalent: 

(1) M is finitely- generated and projective. 

(2) M is finitely- generated and for every prime ^ <zTZ, the module of fractions 
Mp is a free finite-rank TZp-module and the function 

Spec(7^) — > N 

p I — > rankKp(Mp) 

is locally constant with respect to the Zariski topology. 

(3) There are si, . . . , Sn € TZ generating the trivial ideal TZ such that each prin- 
cipal module of fractions Mg. is a free finite-rank TZg^ -module. 

I frequently refer to the function in ([2|) as the "projective rank function" of 
M . I frequently express the property in characterization ([3]) by saying that M is 
"Zariski-locally on Spec(7?,)" a free and finite-rank 7?.-module or something similar. 

Permanence of Finite-Presentedness (Lemma 9 on page 21 of [Bou98| l. Let 

A be a (commutative) ring and 

an exact sequence of A-modules. If M is finitely-geiievated and Q is finitely- 
presented, then N is finitely-generaXed. 
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In other words, any finite set of generators of a finitely-presented module is 
automatically a finite-presentation. 

The following handles a slight complication special to the case of an unramified 
unitary group (see the proof of Proposition [533] (page 1301)) • 

Lemma 4.0.1. Let A and B be commutative rings, f : A ^ B a ring homomor- 
phism, and AI a B-module. Regard all B-modules as A-modules via f . 

If (1) B is a finitely- generated A-module, (2) M is a finitely- generated A- 
module, (3) M is a projective A-module, and (4) f is faithfully flat, then M is a 
projective B-module. 

Proof. It is equivalent (see Corollary 2 on page 111 of jBou98j ) to prove that M is a 
flat and finitely-presented i?- module. Projective modules are flat so by (3) and (4), 
M is then B-Hai. By (2) and the definition of the A-action, M is finitely-generated 
over B. Let B'^ M be a i3-module presentation and let N be the kernel (a 
_B-module). By (1), B'' is finitely-generated over A. Finitely-generated projective 
modules are finitely-presented, so by "Permanence of Finite-Presentedness" N is 
finitely-generated over A. As before, this means that N is finitely-generated over 
B. This means that M is a finitely-presented i?-module. □ 

Localization of Hom-Sets (Proposition 2.10 on page 68 of |Eis95| ). Let A be 

a (commutative) ring, p G A a prime, and M and N two A-modules. If M is 
finitely-presented then the natural A^ -linear map 

HomA-iin(M,iV)p Hom^^.iin(Mp,iVp) 

/ I ^ /Ml 

s \t st ] 

is an isomorphism. 

More generally, if A' is an A-algebra which is flat as an A-module and M is a 
finitely-presented A-module, then 

HomA.ii„(M, N) (g)A A' — > HomA'-iin(M (g)A A', N (g>A A') 

is an A' -linear isomorphism. If M is free, then the flatness hypothesis is (obviously) 
unnecessary. 

In many papers local models, a submodule is sometimes assumed to be "Zariski- 
locally a direct summand" (or something similar). Actually, this assumption is 
usually equivalent to the assumption that the submodule be a direct summand, 
period: 
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Lemma 4.0.2. Let A be a (commutative) ring and let 

be a short-exact-sequence of R-modules. Assume that Q is finitely-presented. As- 
sertion: the sequence splits if and only if for every prime p C A the localized 
sequence 

iVp ^ Mp ^ Qp ^ 

also splits. 

In particular, if M is free and finite-rank, and if N is finitely-generated, then 
N <Z M is a direct summand if and only if it is a direct summand Zariski-locally 
on Spec(yl) (any Zariski-local property implies the corresponding local property). 

Proof. I => I This is trivial. | <^ \ The short-exact-sequence is spht if and only if 
the induced homomorphism RomA-UniQ, M) — )• HoniA-iin(Q, Q) is surjective. Since 
surjectivity is a local property, this homomorphism is surjective if and only if all 
the localized homomorphisms Hom^_iin(Q, Af )p ^ }iomA-iin{Q,Q)p sue surjective. 
By Localization of Hom-Sets, the localized homomorphisms are really the same 
as the induced homomorphisms Hom^p_iin(Qp, A/p) -> Hom^p_iin(Qp, Qp). The 
hypothesis is exactly that these localized homomorphisms are surjective. □ 

Remark. This lemma can also be proved using the "Local Criteria for Projectivity" . 
I do this implicitly in ^5.3\ (paae WD) . 

I frequently use the following extremely useful consequence of Nakayama's 
lemma: 

Linear Independence of Minimal Generating Sets (Exercise 15 in Chapter 
3 of |AM69j ). Let A be a (commutative) ring and let M he a rank n free A-module. 
If Xi, . . . ,Xn generates M then it is automatically a basis. 



5. Definition of the local model 



Recall that I have identified 

Ob <E>z Zp = MdiOFj"" 

= *std 

Now that the relationship between {D, *) and G is clear and I have restricted 
attention to i? = Qp, / will no longer refer to the global objects. For simplicity 
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of notation, refer to Fp,OFp,*p,'4'p etc. simply as F,0,*,^ etc. I will now use 
r — s — d/2 without warning. 

5.1. The base lattice chain. I need to fix a chain (• • • C Aq C Ai C • • • ) of Ob- 

lattices in V, i.e. a chain of left Md(C')°''^-subniodules of Md{F), each of which 
spans Md{F) as an F-vector space. I further require that: 

• The chain is "periodic" , in the sense that for any A in the chain, pK is also 
in the chain. 

• The chain is "'0-selfdual" , in the sense that for every A in the chain, A (see 
3S1 page [5]) is also in the chain. 

See Definition 3.1 on page 69-70 and Definition 3.18 on page 77-78 of |RZ95| . I will 
define a particularly convenient such lattice chain in i}71 (page [^5)1 . For now, assume 
that such a lattice chain exists. 

5.2. Definition of the local model. Here I recall the definition of the local model 
M'°'^ : Zp-Algebras Sets. The fact that the domain is Zp-Algebras is due to the 
fact that E — Qp, which implicitly depends on the cocharacter /i. 

The following comment is needed to make sense of the definition of a PEL local 
model. 

Let i? be a (commutative) ring, let M be a finitely-generated projective R- 
module, and let T : M ^> M be an i?-linear endomorphism. Recall from the "Local 
Projectivity Criteria" (page [T6l) that M is Zariski-locally free. If 5* C i? is a mul- 
tiplicative subset such that S~^M is a free S'~^i?-niodule, then the endomorphism 
S-^T : S~^M S^^M induced by T has a determinant, 

dets-iR{S-^T;S-'^M) e S-^R. 

Covering Spec(i?) by multiplicative subsets S as above gives a collection of deter- 
minants which patch together into a global determinant 

det r{T;M) G R. 

Definition: The Original Local Model (Definition 3.27 on page 89 of |RZ95| ). 

Define the functor 

M}°'' : Zp-Algebras Sets 
by assigning to each (commutative) Zp-algebra R the set of commutative diagrams 

inc® id » ^ 7-) inc® id « „ r, inc ® id inc ® id » ^ n inc ® id 

— > Ao (X)Zp — > Ai (g)Zp i? — > ■■■ — > Ad ®Zp R — > 
4' -i ' ' * 4' 

••• ^ To Ti ... ^ Td 
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of Md{0 (g)Zp R)°^^ -modules satisfying: 

(1) OiAO 

For each i, if pAi — Aj , then the isomorphism — ■ p : Ai Aj descends 
to an isomorphism Ti Tj 

(2) OLMM 

each Ai (x)Zp R ^ Ti is surjective 

(3) OiTMl 

each Ti is Zariski-locally on Spcc(i?) a free finite rank R-module 

(4) OLA^ 

for each i, deti?(6;r,;) = AetE'{b]Md{F)^) for all b € Md{0). 

(Recall that E' acts on Md{F)_ since it is a submodule of Md{F)(E)QpE' .) 

(5) OLME 

For each A = A^, the composite 

TX (A Rr = A i? ^ 
is the map. (here V — Honi;j_iin(— , -R) j 



5.3. Changing from quotients to kernels. Notice that in the definition of M'"'^, 
specifying the object Ti is the same as specifying the kernel Ki of A^ R ^ Ti. 
To more closely match the description of affine flag varieties, I need to express the 
points of M'°'^ using the Ki instead of the T^. I need to determine what conditions 
equivalent to OLM must be imposed on the Ki. 



Changing OL]V(3] By the "Local Projectivity Criteria", OLMHis equivalent 
to finitely-generated projectivity, so each inclusion Ki C Ai (g)Zp R has an i?-linear 
splitting. Conversely, if Ki C A^ ®Zp R splits i?-linearly, then Ai (8)Zp R ^ T does 
also, Ti is projective, and by the "Local Projectivity Criteria", OL]V(3] holds. 

It is clear from the definition that 



Changing OL]V(4] 



deti=;.(6; MdiF)) = dets'ib; Md{F)^) ■ deiE'{b\ Md{F)^ 
detfl(6; A, ®z, R) = det«(6; T,) ■ detfl,(&; K,) 
so OL]Vl|4]is equivalent to 

deiR{b;K,) = dctE'{b;Md{F)+) 



Changing OLA/(5] An element of is the same as an i?-linear map / : A — s> i? 



whose kernel contains Ka. Since A is a lattice, any such functional / is of the form 



KOTTWITZ'S NEARBY CYCLES CONJECTURE 



21 



iPr{—, A) for some A £ A ®Zp R- Define 

=' {A G A i? I MKa, A) = 0}. 

Then the requirement that K/^ C ker(/) is equivalent to the requirement that 
A G K^. The last condition in M'°'^ is therefore equivalent to the statement that 
ii'^ D Kj^. The reverse inclusion Kj^ C Kj^ will follow from: 

Lemma 5.3.1. There exists a short- exact- sequence 

Hom;j_ii„(i^A, R)^K®z,R^Ki^Q 
of R-modules such that s is a splitting of C A Cg)Zp R- 

In particular, is R-projective and has the same projective rank function as 

Note that the short-exact-sequence only proves that the projective ranks of K\ 
and are complementary, but the projective rank of K\ is always irankzp(A). 

Proof. Let px be the composition 

A (g)Zp i? -» Ta A ®Zp R, 

using i?-projectivity of Ta- Interpreting / G A ®Zp as an i?-linear functional 
A (8)Zp i? — > i?, the composition / o is on K\ and so the function 

/ 1^ / o PT 

defines an i?-linear map 

(1) A®z,R-^Ki 

It is immediate from the definition that ([ij is an i?- linear splitting of C A(g)Zp R 
(in particular, ([T]) is surjective). 

Let pk be the splitting 

A (g)Zp i? i^A 

and define an i?-linear map 

(2) Hom;j_ii„(XA, i?) A ®zp i? 

by the rule f ^ f opK- Since p/f is a splitting of the inclusion, ^ is injective. It 
remains to show middle-exactness. Obviously, px o Pt = 0- On the other hand, if 
/ G A d2)Zp -R and f opx = 0, then precomposing with the splitting Ta ^ A iS>Zp R 
gives that /|ta = also, and so / is the inflation along px of a functional on 

Ka. a 
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By Lemma [5.3.11 (A ®Zp R)/Kj^ is i?-projective and has the same projective 
rank function as (A (g)Zp R)/K-^. Locahzing and using "Linear Independence of 
Minimal Generating Sets" , the canonical surjection 

(A0Z, (A 
is an isomorphism. A typical "five-lemma" argument then shows that — Kj^. 
Therefore, M'°'^(i?) can be expressed as all those commutative diagrams 

inc ® id A ^ inc ® id a ^ 7-. inc ® id inc ® id a ^ 7-. inc ® id 

— > Ao (8)Zp R — > Ai (8)Zp R — > ■■■ — > Ad ®Zp R — > 

t t •■• t 

••• ^ Ko K, ^ ... ^ Kd 

of Md{0 Cg)Zp i?)-modulcs satisfying: 

• For each i, if pKi — Aj, then the isomorphism ~ ■ p : Ai — > Aj restricts to 
an isomorphism Ki — > Kj 

• Each Ki — > Ai ^Zp R is injective 

• Each Ki ^ Ai Ozp R splits i?-linearly 

• For each i, deti?(5; Ki) = detE'{b; Md{F)+) for aU b E Md{0) 

• Kj^^ K^ for each A = Aj. 



6. Compressing the local model with Morita equivalence 

The definition of the local model is a somewhat bloated. My goal in this section 
is to use Morita equivalence to work within O-Modules instead of Md(C')-Modules. 
The conditions OLIVQ] and OL]V(5] are not directly digestible by Morita equiva- 
lence, so it is not completely trivial to determine what conditions should be imposed 
in their place after the equivalence has been applied. 



6.1. Recalling the Morita equivalence. Let 7?. be a (commutative) ring. I 
only need the simplest case of Morita equivalence, where the "progenerator" is TZ'^. 
Morita equivalence is the statement that the functor 

Mrtan Hom7^_lin(7^'*, -) : 7^-Modules (right)Mrf(7^)-Modules 

is an equivalence of categories (the action of Md{TV) is by precomposition) . An 
explicit quasi-inverse to Morita equivalence is the functor 

Mrta^i - ®M,(n) 
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I want to replace the local model by the functor 
Zp-Algebras — > Sets 

R ^ {Mrtao^^,^H(A) I all A G M'°^{R)} 
Obviously, it will be necessary to know the following: 
Lemma 6.1.1. Let Ac be an O-lattice. Then 

Mrtao(A) R = Mrtao®zpK(A (E)z^ R) 

Proof. This is the trivial case of "Localization of Hom-Sets" . □ 

6.2. Merita equivalence and bilinear products. Let i? be a commutative Zp- 
algebra and S a (commutative) i?-algebra. Let s i— ?■ s be an involution on S such 
that f = r for all r € R. Let t : Md{S) M^{S) be an involution (assumed to be 
multiplication-reversing) such that b{s) = s for all s £ S. 

Let M and M' be right Md(6')-modules (or equivalently, left Mrf(S')°PP-modules). 
Let ^ : M X M' — > be an ii-bilinear form such that 'ip{x ■b,y) = il){x, y ■ t(6)) for 
all b e Md{S) and x,y eM. 

Suppose M = Mvta.s{N) and M' = Mrtas(A/''), for S-modules N,N'. I want 
to construct an i?-bilinear product \ : N x N' ^ R naturally corresponding to ip. 
It is equivalent to construct the corresponding 7?-linear map N llomfj_\in{N' , R). 

Give Homij.iin(M', i?) a right-Md{S)-module structure by the rule 

{F-b){m') = F{m' -lib)) 

Then the ii-linear adjoint map 

(3) ^ad . ^ ^ Homi?.un(M', R) 

induced by -0 is automatically right- Md{S)-lmcaT: 

Fm-b{m') = V(m • b,m') = il;{m,m' ■ t{b)) = Fr^{m' ■ i{b)) = (F^ • 6)(m') 

Give Homi{.iin(A''', ii) an S-module structure by the rule 

{s-g){n') =^ g{sn') 

Give Homi{.iin(Hom5.iin(5"^, iV'), i?) a right Mrf(5)-module structure by the rule 

{F.b){^)''^'F{^ot) 

The following lemma says roughly that Mrtas:(A''^) = Mrta5(A'')'^, where in both 
cases V = HomH.iin(— , R): 
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Lemma 6.2.1. Using the above actions, the function 

(4) Hom5.iin(5^ HomH-ii„(iV', R)) Honij^.iin(Honis-iin(5^ N'),R) 



i=l J 



is a right -Md{S) -linear isomorphism. 



Proof. It is easy to verify that the function is a group isomorphism. The hnearity 
is proved by letting btj G 5* be the entries of 6 and checking directly: 

d 

Ff.t{^)''^'Y.'^f-b){e.)Me.)] 

i=l 

d / d \ 
d / d 

(because / is ^-linear) = ^ ■ /(ej))[v(ei)] 

d / d 

{S acting on Homij_un(iV', -R)) = X! X! f^^J^^O'^ ' '^(^')] 

/ d ^ 



(because ip is S'-linear) = /(cj) 

= ^/(e,)[^(r(e,))] 



— tr 

— Ff{(pob ) 



□ 



Because of Proposition l3.2.2l fpage fTU]) . I may assume for my applications that 
L{b) = 6*'. In that case, the codomains of ^ and (j4]) are identical as right-Md{S)- 
modules, and composing ([3]) with the inverse of Q produces the right-M(;(S')-linear 
map 

(5) Homs.ii„(5^ N) Roms-US'', Rouir.UN' , R)) 

Because Mrtag — Hom5_iin(5'^, ~) is fully-faithful, ([5]) is the image of a unique 
S'-linear map 

A^^Hom^.iin(iV',i?) 
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By definition of the action of S on HomR.uniN' , R), the product 

°iP : N X N' ^ R 
induced by N ^ Homfl.iin(A''', R) is i?-bilinear and satisfies 

V(sn,n') = V(",sn') 
for all s G 5 and n&N,n' & N'. 

Note that the only non-canonical input was the original product tp. Because 
Mrtas is exact, the adjoint map m tp{m, — ) is injective or surjective if and only 
if n ^ijj{n, — ) is, so ip is non-degenerate or perfect if and only if is. 

6.3. Morita equivalence and lattices. Let 

V : i^'' X — )■ Qp 
be the Qp-bilinear form guaranteed by the previous subsection for the choices 

R = Qp 

S = F 
{R^S)^ {Qp c F) 
M,M' = MdiF) 

L = the usual L : Md{F) Md{F) 
tp = the usual tp : Md{F) x Md{F) Qp 

Let A be an Md(0)°PP-lattice in Md{F). Set 

OA''=i'Mrtao'(A) 

Consider F'^ also as an £)-module, consider Md{F) as a left-Md(0)°^''-module, 
fix permanently an identification Mrtao(F'') = Md{F), and use the embedding 
°A F*^ that is the image under Mrta^^ of the inclusion A c Md{F). Define 

OA'k^lxGF'' I \{%x)cZp} 

(note that I need an inclusion °A F'^ in order to make the preceding definition) 

Proposition 6.3.1. Mrtaei(OA) = A. 

Proof. This is true simply because Mrtao is an equivalence of categories and the 
dual lattices can be expressed categorically. In more detail, by definition A is the 
image of the M(j(0)°^^-linear map 

(6) Homz^-ii„(A, Zp) "'^'^ HomQ^-iin(Md(F), Qp) ^ Md{F) 
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(the 'extend' map uses the fact that A spans Md{F), and the isomorphism is that 
induced by the perfect form tp). 

Similarly, by definition ''A is the image of the O-linear map 

(7) Homz,-ii„(°A, Zp) HomQ^.ii„(F^ Qp) - F'' 

(the 'extend' map uses the fact that A spans Md{F), and the isomorphism is that 
induced by the necessarily perfect form '''0). 

Equation Q in the previous subsection applied to the case of 

R — Zp 

{R^S) = (Zp c O) 

and a slightly different version 

Homo_ii„(C)^ HomQ^.iin(i^'', Qp)) ^ HomQ^.ii„(Homo.ii„(0^ F'^), Qp) 

of that same isomorphism together with the fact that Mrtac)(V) = (in the sense 
of the previous subsection) imply that if you apply Mrta© = Homo_iin(C''^, — ) to 
then you get dH). The fact that Mrtao is an equivalence of categories means 
that the images, Mrtac)(OA) on the one hand and A on the other, correspond. □ 



6.4. Translating the PEL duality condition. Let A be an A/rf(C')°^^-lattice in 
Md[F). In this subsection, redefine 

V : °A X OA ^ Zp 

to be the Zp-bilinear form guaranteed by §6.21 for the choices 

R — Zp 

{R^S) = (Zp c O) 

i ~ the restriction to Ald{0) of the usual t 
i/i = the restriction to Md{0) x Md{0) of the usual ?/; 

(here is another appearance of the assumption on t). Note that by Proposition 
16.3.11 is the same as the restriction to ''A x ''A of the '^•ip defined in 



Let i? be a commutative Zp-algebra and set TZ := O R- Let Ka C A Cg)Zp R 
be an Mci(7^)°^'^-submodule and set 

°ifA''=^'Mrta^i(AA) 
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Define 

{A e °A R I Vfl(°/^A, A) = 0}. 
Proposition 6.4.1. Mrta7j(°i^^) = isTf . 

Proof. Taking into account Proposition l6.3.l1 (page [25l) . this is true simply because 
MrtaK is an equivalence of categories (and therefore commutes with the kernel 
operator) and the operation Ka > can be expressed as 

= kcr(A — > HomZp-ii„(A, Zp)) 

and similarly for '■^Ka h- "^^a • D 

6.5. Translating the determinant condition. Let i? be a (commutative) Zp- 
algebra and for simplicity of notation, set TZ :— O^Dzp R- Choose a point {Ki}i^z G 
M'°'^(i?). Condition OLM4]certainly forces the projective rank function associated 
to each Ki to be the constant function 

Spec(i?) — ^ N 

p I — > d{2s) = 

I claim that this rank requirement is sufficient, i.e. that any Af(j(7?,)°''^-subniodule 
Ki of Ai R with constant projective rank function p ^ cP automatically has 
the required generic determinant. This answers the question in §6.11 since a rank 
requirement is easily translated by Morita equivalence. 

In fact, a general statement including the above claim can be proven: 

Proposition 6.5.1. Let TZ be a (commutative) O-algehra. Let M and N be left- 
Md{TV) -modules that are projective as TZ-modules. If M and N have the same 
projective rank functions Spec (7?,) — )■ N then for any b G Mci{TV), 

detTz{b; M) = dctn{b; N) 

To prove the above claim using this proposition, let i be arbitrary, set M ~ Ki 
and N = ® ■ ■ ■ ® {d/2 times) and use Lemma 14.0.11 (page [TT]) to supply 
the projectivity hypothesis on M. This proposition implies that for b G Ald{0), 
dct7^(fe; Ki) is just the product of d/2 copies of the "ordinary" O-valued determinant 
of b. One can easily compute det£;'(6; Md{F)+) and see that the two are equal. 

Proof Let M' and N' be 7e-modules such that MrtaTC(M') = M and Mrta7?,(A^') = 
N. Since M = M' ® • • • © M' and N = N' (B ■ ■ ■ ® N' as 7e-modules, it is true that 
M' and N' are also projective as 7?.-modules. Let 5 C 7?. be a multiplicative subset 
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such that S ^M' and S ^N' are both free. The hypothesis nnphes that 

(since Mrta multiphes ranks by d), so S~^M' and S~^N' are isomorphic as S~^TZ- 
modules. This means that S~^M and S~^N are isomorphic as right-Mc;(5'~^7^)- 
modules, hence also as right- Afd(7?.)-modules (via restriction-of-scalars). Therefore, 
for any b € MdiTZ), 

Varying S to get an open cover of Spec(7?.), and patching the generic determinants 
together finishes the proof. □ 

Remark. The claim can also be proven by a short matrix computation. 

6.6. Morita equivalence and similitude groups. Consider the vector space 
F"^ and the Qp-bilinear form °V ■ P'^ x F"^ ^ Qp as in §6.31 (page [25]). Since tp is 
non-degenerate and perfect, ^i/; is also and therefore induces an involution 

°* : Endp-UF'') EndF-ii„(F'^) 

In this subsection, I prove that the similitude group Gq^ defined in i3](page|8|) can 
be expressed using only the data F"^, ^tp, etc. rather than Ald(F), -0, *, etc. 

Recall from S] (page [5]) that Md{F) acts by /e/i-multiplication on V ~ Md{F) 
and the involution induced by ip on this left-acting Md{F) is none other than *, i.e. 
ip{bx,y) = i/j{x,b*y) for all b,x,y £ Md{F). If & e Md{F) is considered as an F- 
linear map F'^, then MrtaF(&) is a right- Md(F)-linear map Md{F) Md{F), 

and this map is none other than multiplication by b on the left of Md{F) (linearity 
follows from associativity of multiplication in Md{F)). 

A careful inspection of the construction of shows that ip can be expressed 
using "-0 in a very simple way: if x, y G Md{F), then 

d 

4=1 

where Xi and yi are the ith columns of the matrices x, y. This is verified as follows. 
Writing a matrix x G Md{F) — MrtaF(-P''^) as a d-tuple (xi, . . . , Xd) of column vec- 
tors corresponds to writing Mrtai?(i^'') — 'RomF-WuiF''' , F'^) as the d-fold product 
of Homi;^_iin(-F, F'^)^F'^. Denote by 

V':^^'^HomQ^.n„(^^^Qp) 
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the morphism induced by ^^p. Writing all matrices as d-tuples of column vectors as 
above, and considering the isomorphism from Lemma 16.2.11 foage l23p . the map 

V'^^ : Md{F) HomQ^_ii„(Afd(F),Qp) 

induced by ip is written as 

Since ^'4''^'^{xi)[yi] is just another way to write '^^jj{xi, yi), the claim is proved. 

The preceding relationship trivially implies the following: if x, y £ F'^ , and if 
X,Y £ Md{F) are the matrices whose «th columns are x, y (respectively) and in all 
other entries, then iIj{X, Y) — ^il;{x, y). A consequence of this is that the involution 
% induced by V on Endp-UniF'^) — Md{F) is identical to the involution * induced 
by ip on Md{F). A further consequence of this is that the group Gq^ introduced in 
(page 13) can also benefit from the simplification afforded by Morita equivalence: 
can also be described as the the functor assigning to any (commutative) Qp- 
algebra R the group 

GqAR) = {.9 e Endp.UF") R I 5°*^"" • .9 £ i?"} 

Remark. One of the reasons for expressing Gq^ using ^* rather than * is that it 
is not obvious that the assumption of quasi- splitness implies anything convenient 
about ip (this is related to the remark made in (page\3i) that l does not determine 
ip). However, once the above simplification is made, Lemma \3. 2.3\ (page can be 
used. 

Now that I no longer need to refer to the objects ip, (p, etc. I abuse notation 
by dropping the superscript "Q" from ^ijj, '^(p, etc. 

7. Most simplified description of the local model 

I make three final simplifications before stating the most condensed definition 
of the local model. 

Because of Lemma 13.2.31 (page [T^ , the assumption made on page [T31 and the 
description of Gq^ in the previous subsection, I know that Gq^ is the similitude 
group of the hermitian form defined by the identity matrix. I claim that I can 
replace this hermitian form by the the hermitian form defined by the aniz-identity 
matrix. This is possible because, by the classification of hermitian forms over local 
fields, an isomorphism class of hermitian forms is determined (see 1.6(ii) on page 
351 in [Sch84) ) by its dimension (which is the same for both), and the image of its 
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determinant (meaning the determinant of the Gram matrix defining the form) in 
the norm class group Qp /Np/Q^ {F^)- The determinant of the anti-identity matrix 
is ±1 and for unramified extensions the norm map Np/Q^ : — > is surjective, 
so both these hermitian forms are in the same class. / now use <f> to refer to the 
hermitian form defined by the anti-identity matrix. 

The second simplification is to notice that all concepts of duality and orthogo- 
nality can be rewritten to use 4> instead of tp- The explicit correspondence between 
alternating forms like ^ and hermitian forms (f) on page [T3] implies that 

A^{weF'^ I 0(A,u>) C O} 

Ki = {XeA^z,R \ MKa, A) = 0} 

where A is an O-lattice in R is a (commutative) Zp-algebra, and Ka is an 
(C ®Zp i?)-submodule of A R. 

Because of the previous two simplifications, I can fulfill my promise from §5.11 
(page[Tn]) to construct a self-dual chain of left-Mrf(0)°''^-lattices in M(i{F). Because 
<f> is defined by the anti-identity matrix, extending 

A, = p-^O' ® O"^-' {i)<i<d) 

periodically produces periodic 0-self-dual lattice-chain in F'^ (this is the usual 
lattice-chain used for local models associated to unitary groups). By Proposi- 
tion [63II1 applying Mrtao to {A^jigz gives the lattice-chain I promised in §5.11 
(although I no longer care about that lattice chain, provided that it exists). 



Remark. One reason to change to the hermitian form defined by the anti-identity 
matrix is that the construction of a periodic self-dual lattice chain is obvious. 



The third simplification is to replace each point 

inc ® id A ^ 7-> inc (8 id a ^ n '"c ® id inc ® id a ^ r> ® id 

— > Ao (XiZp R — ^ Ai (g)Zp R — > ■■■ — > Ad ®Zp R — 5- 

t t ••• t 

■•■ ^ Ko Ki ... ^ Kd 

of M'°'=(i?) with the finite dia 

. „ 7-. inc iS> id » _ 7-, inc ® id inc ® id . „ 

AoCSzpi? ^ Ai<E)z,R ■■■ Ad/2<E)z,R 

t t ••• t 

Ko Ki ^ ... ^ Kd/2 
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The original diagram can be reconstructed from this by the properties 

A_i = Ai 
Aj = pKi+d 

K^, = Kt 
= pKi+d 

The only requirements that survive on the finite diagram are 

Ko = 

Kd/2 = K-d/2 (= pKd/2) 

So, the most condensed description of my local model is: 

Definition: The Simplified Description of the Local Model. The functor 
M'"*^ can also be described as assigning to each (commutative) Zip-algebra R the set 
of all commutative diagrams 

Ao «)Zp R — > Ai ®Zp i? — > ■■■ — > ^d/2-1 (Sz^ R — > Ad/2 «)Zp R 
t t •■• t t 

Kq > Ki > ■ ■ ■ ¥ Kd/2-1 — > Kd/2 

of {O (g)Zp R) -modules such that 

(1) SLM1\ 

each Ki — > A^ >S>Zp R is infective 

(2) SLMM 

each inclusion Ki ^ A^ ^Zp R splits R-linearly 

(3) SLMB 

the projective rank function Spec(i?) — s> N associated to each Ki is the 
constant function p (— )■ d 

(note that projectivity follows from SLMM and that rankj^(Ai) — 2d) 

(4) SLA^ 

K^ — Kq and K^^^ = pKd/2 with respect to the restrictions Ag x Aq — )■ O 
and Kd/2 x pAd/2 ^ C of (f). 

8. Definition of the enlarged models 

8.1. Alternate description of the local model using a single base lattice. 

This subsection rephrases the definition of M'°'^ so that its points consist of sub- 
modules of the single lattice Aq and it will then be easier to see how to enlarge the 
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models satisfactorily to a degeneration of the affine grassmannian to the full affine 
flag variety. 

For i = 1, . . . ,d, let tti : F'^ — F'' be the F-linear map 

(Xl, . . . H> (Xl, . . . , Xi-l,pXi,Xi+l, . . .,Xd) 

Then ai induces an O-module isomorphism — > Aj_i. Define 

dof 

a[i] = Qfi o • • • o 

Then a[j] induces an O-module isomorphism A.^ Aq. Define 

[,] dcf 

q;H = UdO ■■■o Ud-i+l 

Pick a (commutative) Zp-algebra i?, and consider a point 

Ao(^ZpR — > Ai®Zpi? — > ■■■ — > A<j/2®Zpi? 
U U ■•■ U 

Ko K, ^ ... ^ Kd/2 

of Mi°'=(i?). 

Specifying Ki C A^ (gJZp R is the same as specifying a[i]{Ki) C Aq ®Zp R, so 
define 

(note that Lq — Kq). The condition that A^ (S)Zp R ^ ^i+i R restrict to Ki — > 
Ki+i is equivalent to the condition that ai+i(Li) C Li+i (note that cti+i o ajjj = 
a[i+i]). So, a point of M'°'^(i?) is equivalent to a tuple {Lq, . . . , Ld/2) satisfying 
ai+i{Li) C Li+i for each < i < d/2 and the implicit equivalents of SLM. 

For SL]V(2l note that if s is an i?-linear splitting of Ki ^ A; (E)Zj, R then 
ttj^j^ o so a\.i] is an i?-linear splitting of Li C Aq ®Zp so that condition is identical: 
require that each inclusion Li C Aq (8)Zp R split i?-linearly. It is obvious that the 
projective rank condition SL]V(3]is the same for the Ki as for the Li. 

For SLIVQJ note that the condition K^]- = Kq is equivalent to the condition 
Lq = Lq tautologically. The fact that 

and 

a[d/2] o a''^^^' = P 

suggests the following: 

Lemma 8.1.1. Kj-^^ = pKd/2 (C pAd/2) with respect to <j) : Ad/2 x Md/2 O if 
and only if L^,^ = Ld/2 with respect to </) : Aq x Aq — )• C 
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Proof. fc] If y e Ao then a'^'^/^^{y) e pKi/2i and since 

(l>R{Ld/2,y) = <l>R{a[d/2]{Kd/2),y) = <pR{Kd/2,a''^^'^Hy)), 

the fact that 0(^^/2,2/) = imphes that a^'^/'^\y) G K-^^^ pKd/2- This means 
that 

Py = a[d/2](a''^^^'(y)) e a[d/2]{pKd/2) = 
and so y G Ld/2- \ ^ | This is easy to verify: if a; e Ld/2 then x = a[d/2]ix') for some 
x' 6 iird/2 so 

4>R{Ld/2,x) = (t>Ria[d/2]{Kd/2),a[d/2]ix')) = p4>R{Kd/2,x') =0 

and so a; G | <= | | C | If y G P-^d/2 is such that (t>R{Kd/2,y) — then write 

y — py' for some y' G Aj;/2 so that 

4>R{Ld/2,ayd/2\{y')) = '/'fl(^d/2,a^''^^ka[d/2](y'))) = 4>R{Kd/2,y) = 

using the same ideas as before. Since a\^d/2] {y') G Aq, the hypothesis gives a[d/2] {y') S 
-^d/2 and so y' G Kd/2- \ \ This is similar. □ 

Definition: Tiie Alternate Description of the Local Model. According to 
the previous subsection, the functor M'"*^ can also be described as assigning to each 
(commutative) Zp algebra R, the set of all tuples {Lq, Li, . . . , Ld/2) of {O (^Zp R)- 
submodules of Aq ®Zp R satisfying: 

(1) ALM^ 

ai+i{Li) C Li+i for all i 

(2) ALMM 

each inclusion Li C Aq (SiZp R splits R-linearly 

(3) AL]}43\ 

the projective rank function Spec(i?) — > N associated to each Li is the 
constant function p H> d 

(4) Aiikg 

L^ = Lf) and L-^^^ = Ld/2 with respect to the restriction : Aq x Aq — > C 

This description is the key to constructing larger schemes analogous to M'°'^. 

8.2. Definition of the larger models. In this subsection, I will define a family 
of functors 

M("'") : Zp-Algebras ^ Sets 

over all m, n G N such that M'^°'^-' — M'°'^, and such that the generic (resp. special) 
fibers form an increasing and exhaustive filtration of the affine Grassmannian (resp. 
full affine flag variety). Fix m, n G N. 
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The anti-identity matrix id^ induces a non-degenerate hermitian Zp[i] -bilinear 
form 

t-"'0[t]'^ t-"'0[t]'^ t-^"'0[t] 

by the rule {v, w) i— ^ w''' • id^ -w, where w i-^w is induced by the non-trivial element 
of Gal(i^/Qp). For an 7^[^]-submodule L C t~'"7^[^]''/^"7^[^]'^ define in the usual 
way: 

=^ {v e t-^'TZitf/enitf I ^r{l, v) = 0} 

(note that "0" here refers to the zero-element of the codomain t^^'"^0[t]/t"'~"^0[t]) 

Note that when (m, n) — (0, 1) this recovers "0 : Aq x Aq — > O" and the 
concept of "-L" from the previous subsection via the identification 0[t]'^ /tO[t]'^ = 
Aq. Therefore, the abuse of notation is acceptable. 

The rule 

{xi,...,Xd) ^ {Xi, . . . ,Xi^i,{t + p)Xi,Xi+i, . . . ,Xd) 

induces an ©[t] -linear map 

When (m, n) = (0, 1), this map is the restriction to Aq of the "a^" from the previous 
subsection via the identification 0[t]'^ /tO[t]'^ = Aq, so the abuse of notation is 
acceptable. As before, define 

dof 

a[i] — Qfi o • • • o ai 

The following definition is based on ALM and is strongly analogous to the sym- 
plectic case in |HN02) : 

Definition: The Enlarged Model (preliminary). Define the functor 

M("'") : Zp-Algebras ^ Sets 

by assigning to each (commutative) Zp-algebra R the set (for simplicity of notation, 
setTZ:= 0®z^R) of tuples {Lo,Li, . . .,1^/2) ofn[t]-submodules oft-"^n[tY/t'^n[tY 
satisfying: 

• ai+i{Li) C Li+i for all < i < d/2 

• each inclusion Li C t^™TZ[t]'^ /V^TZ[t]'^ splits R-linearly 

• the projective rank function Spec(i?) — > N associated to each is the 
constant function p ^ d{m + n) 

(note that ranki^(^~™7^[^]''/^"7^[^]'^) = 2d{m + n)) 

• = Lq and L^i2 = with respect to (pR. 
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It is clear that M("'1) = M^"". 

Remark. / will later embed Mp"'"'' into a full affine flag variety J-ip^^ and the 
freedom of two parameters m, n is necessary in order to exhaust -F^p? . 

I now reformulate the definition of M^™'"^ so that it is more obviously a de- 
generation from the affine Grassmannian over Qp to the full afhne flag variety over 
Fp. Now that the variable t and the parameters m,n have been introduced, I am 
in a sense returning to the point of view used for SLM. 

Define V = 0[t, t-^ , [t + py^Y and submodules 

Vo = 0[tf 

Vi = {t+p)-^0[t]®0[t\'^-^ 



Vd-i = {t+p)-^0[t]''-^®0[t\ 
Vd = {t+p)-^0[tY 

Note that the aj^], as ^^[tj-lincar maps of V, induce isomorphisms 

(these are the generalizations of the isomorphisms "a^ij : Aq" from i jS.f p 

Let i? be a (commutative) Zp-algebra and consider (Lq, ii, . . . , Ld/2) & M('"'")(i?). 
Let jCi be the submodule of t~"^Vi/t'^Vi such that aii]{Ci) — Li. Let Ci be the sub- 
module of V{R) satisfying 

(9) rv.(i?) c A c <-'"v.(i?) 

which corresponds to Ci. The requirement that ai+i{Li) C ii+i for all < i < (i/2 
is equivalent to the requirement that £0 C £1 C • • ■ C Cd/2- 

The requirement that each inclusion Li C t~"''Tl[tY /f^TZytY split i?-linearly 
is equivalent to the requirement that each inclusion Ci C t^"^Vi{R)/t^Vi{R) split 
i?-linearly. 

The anti-identity matrix id^ defines a non-degenerate hermitian Zp[t,t^^, {t + 
p)^^]-bilinear product 

</) : V X V — ^ 0[t,t-^,{t+p)-^] 

by the rule (w, w) ^ w*'' • id^ -w, where w is induced by the non-trivial element 
of Gal(i^/Qp). Since this (f) induces (restrict and descend) the previously defined 
this abuse of notation is acceptable. 
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For < i < d/2, define 

by 0W(a^,2/) ='0(aw (a;), Note that ^I'^/^l = {t+p)c^. 
For < i < d/2, define 

A {x e v(i?) I 0g (A, a;) e ^"-"7^[^]} 

(I am abusing notation: the concept of duahty here depends on i). This concept of 
duality is specifically designed to match up with the concept of "_L" above: 

Lemma 8.2.1. (1) = Lq if and only if Cq — Cq, and 

(2) = -if and only if Cd/2 = Cd/2- 



Proof case (1) [^For A G t-"Vo(i?), denote by A the image in t-"Vo(i?)A"Vo(i?) 



^""7^[^]''/^"7^[^]'^. [c] Suppose A e £0, i.e. suppose that A e V{R) satisfies 



(/)^'(£o,A) e t"^"^TZ[t]. Since Co satisfies containments ([9|), so does Co and so 
A € t~"^TZ[t]'^. Altogether, A € Lq (the previous containment shows that A is in 
the domain of the hermitian form defining "if]-"). By hypothesis, X £ Co and so 
A e £0. I D I This is obvious: if A G £0 then X e Lo and by hypothesis (j)R{Lo, A) = 
so (I3r{Co,X) G t"~™72.[i] since both hermitian forms use the same Gram ma- 
trix, [c] Suppose A e L^, i.e. suppose that A e ^-™7^[^]'^/^"7^[^]'* satisfies 
4>B.{Lo, X) = 0. Let A G £0 be any representative of A. Then (^^'(£0, A) G t"~"'7?.[t] 
and by hypothesis, A G £0 so A G Lq. | 3 | This is obvious: if A G Lq then A G £0 
and by hypothesis ^ni^^oA) e ^""™7^[^] so (/>k(Lo,A) = since both hermitian 



forms use the same Gram matrix, case (2) This proof is nearly identical. □ 



The previous discussion proves the following: 

Definition: The Enlarged Model (final). The functor M^™ ") can also he 
described as assigning to each (commutative) Zp-algebra R the set of tuples 

(£0, £1, . . . , Cd/2) 
of (O ®'z^ R)[t\-suhmodules ofV{R) satisfying 

(1) ELM^ 

£0 c £1 c . ■ . c Cd/2 

(2) EL]}^^ 

rH(E) C A C t-"'V^{R) for all i 

(3) EL]}^ 

each inclusion Ci/t"Vi{R) ^ i^™Vi(-R)/i"Vi(i?) splits R-linearly. 
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(4) ELA^ 

the projective rank function Spec(i?) — > N associated to each 

is the constant function p H> d{m + n) 

(note that rankR{t-"'V^{R)/f^Vi{R)) = 2d{m + n)) 

(5) ELME 

Co = Co and C^i2 ~ Cd/2 

( these concepts of duality were defined on page 

For future use, define 

Vinf = t^O[tY 

v.^^ = t-^{t+p)-^o[tY 

Vsup — Vsup/Vinf 
= V,/Vinf 

The first two are the largest (resp. smallest) modules contained in (resp. contain- 
ing) all the modules used in EL1V112] 

8.3. The enlarged models are projective schemes. For each < i < (i/2, let 

Gr^ : Zp-Algebras Sets 
denote the (ordinary) Grassmannian of direct summands of 

with constant projective rank function d{m + n). Then EL]Vll3]and EL1VII4] yield a 
closed embedding 

M("'") Gro X ■ • • X Gr<j/2 

Take {Co,Ci,...,Cd/2) £ M(™^")(i?). Consider another pair m' ,n' £ N. If 
{Co^Ci, . . . tCj_/2) G M('"''"'^(i?), then necessarily m — n — m' — n' since Cq can 
only be self-dual with respect to t^(j) for one N. On the other hand, if m' > m and 
n' > n, then requirement EL]Vll2]for M*^™ ^(i?) trivially follows from requirement 
ELMlfor M(™'")(i?). 

These 2 requirements on m,n, m',n' already imply that M^™^") C M^™'^"'); 
the i?-linear splitting of the short-exact-sequence 

^ rv.(i?)/r'v.(i?) ^ A/r'v.(i?) ^ A/rK(i?) ^ o 
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shows that ELIVOI is satisfied, and this sequence also shows that 

rankfl(A/r'V,(i?)) = rankfl(rV,(i?)/r'V,(i?)) + rankH(/:,/rV,(i?)) 
= 2{n' — n)d + (m + n)d 
— (to' — m)d + {n — n)d + (to + n)d 
= (to' + n')d 

(the "2" here comes from the fact that the coeSicients of the polynomials are in TZ 
and rankfl,(7?.) — 2) 

In summary, for each A £ Z, the set of (to, n) G N x N such that n — m = A 
is totally-ordered and 

]y[(0,A) ^ ]V[(1,1+A) ^ ]y[(2.2+A) ^ . . . 

Remark, /n (page [7^ ; ^ embed M^''"^ mto an ajfine flag variety, and 
from that perspective, the chain associated to a particular A G Z exhausts the 
corresponding connected component of the affine flag variety. See Theorem 5. 1 in 
[PROS) for a way to calculate the component group of an affine flag variety in the 
non-split case. 

Notice that if m — n then the trivial tuple (Vo(-R), . . . , Vd/2{R)) satisfies all the 
conditions necessary for membership in M'^™''"^(i?), the assumption being required 
for the rank. From the point of view of the affine flag variety, this is because the 
identity component of the affine flag variety is indexed by A — 0. 

8.4. Equivalent characterizations of Zariski-lattices. The description of the 
functor-of-points of an affine flag variety uses a certain deflnition of lattice, but 
other characterizations are needed to embed local models into affine flag varieties. 
The following list of characterizations is summarized as: 

Equivalent Characterizations of Lattices (Lemma 2.11 in jGor08| ). Let TZ be 

a commutative ring and let M C TZ{{t))'^ be an TZ[[t]]-submodule. The following 4 
sets of conditions are equivalent: 

(1) (a) there is some N such that t^n[[t]]'^ C M C t-^n[[t]]'' 
(b) as an TZ-module, the quotient M / 1^ TZHtW^ is projective 

(2) (a) the product M ®7?,[[t]] T^{{t)) — >■ TZ{{t))'^ is an isomorphism 

(b) as an TZ[[t]]-module, M is finitely-generated and projective 

(c) the projective rank function Spec(7^[[i]]) — >• N associated to M is the 
constant function p h- >■ d 

(3) (a) the product M ®Ti[[t]] T^iit)) '^{{t))'^ is an isomorphism 
(b) Zariski-locally on Spec(7?,), M is a free Ti[[t]]-module 
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(4) (a) the product M ®Ti[[i\\ T^{{t)) ^ T^ii^))^ '"^ isomorphism 
(b) fpqc-locally on Spcc(7?.), M is a free TZ[[t]] -module 

I call such an M a "Zariski-lattice" . 

Conditions ([31d) and {Dd) require some clarification. Condition (jSb) means 
that there are elements ri, . . . ,r„ generating the trivial ideal R (i.e. a system of 
principal open sets covering Spec(i?)) such that each fraction module M[r~^] is a 
free [[i]]-module. A similar comment holds for (|4Jd). 

8.5. The full afRne flag variety over Fp. The setup here is: I use the unramified 
quadratic extension Fp{{t)) C F((t)), the vector space F{{t))'^, and the standard 
hermitian form $ : F{{t)Y x F((t))'' — >• F((t)) defined by the anti-identity matrix. 
Note that $ induces (p from previous sections. 

Definition: The Afline Flag Variety. The full affine flag variety over Fp is 
the functor Tl^^ that assigns to any (commutative) Fp-algebra R (for simplicity of 
notation, set TZ :— R(E>Fp F) the set of all tuples (J-i)igz of TZ[[t]]-submodules of 
TZ{{t))'^ satisfying: 

(1) AF\m 

it is periodic, in the sense that Ti = t ■ J-i+d for all i 

(2) AFMM 

it forms a chain, ■ ■ ■ d J-i d J-i+i C • ■ ■ 

(3) AF\m 

each J-i is a Zariski-lattice 

(4) AF\^ 

Zariski-locally on Spec(i?), each quotient J-ij^xjJ-i = TZ as TZ-modules 

(5) AFM5\ 

Zariski-locally on Spec(i?), there exists u(t) € such that 

T-i = u(t) ■ Ti 

for all i ^N. Here 

T {w e : <i>RiT, w) C TZmf} 

For a commutative ring homomorphism R S, the function 

is the application of the completed tensor product —(§irS, which is designed so that 
R[[t]]^iiS = S[[t]] etc. 
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Remark. Note that in AF^^ the Zariski-local cover of Spec(i?) and the corre- 
sponding similitudes are independent ofi. 

As in !j7l a point (J^i)iez G J-l^^{R) is completely determined by the finite 
chain J-q C • • • C J-d/2 as follows: recover the Zariski-local cover of Spec(i?) and 
the common degree k of the similitudes in AF Vl5] by comparing Fo to , define 
J--i for < I < d/2 Zariski- locally by =^ t'^Ti, and extend periodically. It 
is automatic from the definition that • • • C J- -2 C J--i C J-q. Using the finite 
chain, AF\'[T] disappears and the only part of AFVl5]that survives is: there exists 
Zariski-locally on Spec(i?) a u{t) e R{{t))^ such that 

To = u{t) ■ Fa 

= t-^u{t) ■ 

8.6. The special fibers are subschemes of the full affine flag variety. Let 

R be an Fp-algcbra. Consider {Co,Ci, . . . , S M^™'") (i?). First, note that 

ViFp) ^F[t,t-Y C Fiit)f 
Vo(Fp) = F[tf 
Vi(Fp) ^t-^F[t](SF[tf-^ 

Vd-i{Fp) ^ t~^F[tf-' ®F[t] 
Vd(Fp) = t-^F[t]'' 

So each Ci is an 7^[<]-submodulc of V(R) C Tl{{t))^ satisfying 

(10) t^nit]" = Vi„f(i?) c A c VsupiR) = ^-('"+l)7^[^]'* 

Such modules are in canonical bijection with 7?,[[i]]-submodules F of TZ{{t)Y sat- 
isfying 

(11) t''n[[t]]'^ <zF<z ^-("+l)7^[[^]]'' 

Let J-o,J-i,... ,J-fi/2 be the modules satisfying equation (|lip corresponding to 
the modules Cq, Ci, . . . , Cd/2 in equation (|10|) . 

Proposition 8.6.1. (^"0,-7^1, • • ■,J'd/2) e Ft^{R). 

Once this is proven, it is obvious that M(™'")(i?) Tf'^{R) is injective. By 
(pageEZI), M^™'") is a proper Zp-scheme, so M^™'") ^ Tt'^ is a proper 
morphism. By Corollary 12.92 of |GW10] . M^™'") JT^ is a closed embedding. 
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Proof. AFVm This is automatic. AFV13] For this, it is obviously most conve- 



nient to use characterization ([TJ of Zariski-lattices (page [38)) . Equation (|lip gives 
part (a) of the characterization. Now notice that the coefficient ring of the power 
series here is TZ = R ®Fp F, not R. This means that in this situation, condition 
(b) actuaUy requires £i to be a projective as an 7?.- module, but EL]Vll3]and ELIVQ] 
together imply only projectivity over R, but since R ^ TZ makes TZ a finitely- 
generated i?-module and a faithfully-flat i?-algebra. Lemma 14.0.11 (page [TT]) says 



that Ci is in fact a projective 7?,-module. AFV14] By construction, it suffices to 
prove the same fact for the quotient Ci^i/Ci. It is easy to prove but the notation 
becomes truly oppressive. For clarity, I prove this as a lemma following the end of 
the current proof. | AFM5]| I claim that Jb = i'"""J^o and = ^"""+^-7^d/2- 
This is clear because the products used in ELlViS] for Cq and Cd/2 are just the 
standard ones multiplied by i™-" and f^~"'[t -l-p), and the concept of duality is 
the same. □ 

Remark. Note that the need for Lemma \4.0. 1\ (page \T^ does not occur in the case 
of a ramified unitary group, since in that case the coefficient ring does not change 
(the uniformizer changes). 

Lemma 8.6.2. Consider an TZ-module diagram 

Ci C Vi 

n n 

C2 c V2 

If 

(1) both quotients Vi / Ci andV2/C2 are finitely-generated projective R-modules 

(2) the projective rank functions ofVi/Ci and V2/C2 are constant on Spec(i?) 
and the two constants are equal 

(3) the quotient V2/V1 is a free TZ-module of rank 1. 

then €2/^1 is a projective TZ-module with constant projective rank function 1. 

To use this in the proof of Proposition 18.6. Il use the diagram 

A c t-'^V^iR) 
n n 
A+i c t-'»V.+i(i?) 

from EL]V(2l The vertical inclusion on the right is valid (i.e. there are no problems 
due to non-flatness) because Vi C Vi+i can be written as the obvious inclusion 
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Hypothesis (1) in this lemma is implied by EL]V(3]and hypothesis (2) follows 
from EL]V(4l Hypothesis (3) is obvious from the definition of the Vi. 

Proof. By hypothesis (1), the short-exact-sequence 

^ iC2/Ci) ^ (V2//:i) ^ iV2/£2) ^ 

of 7?.-modules splits i?-linearly. By hypothesis (3), the short-exact-sequence 

^ (Fi/A) ^ {V2/C,) ^ {V2/V1) ^ 

of 7?.-modules splits 7^-linearly. These splittings produce an i?-module isomorphism 

(12) i^2/Cl) © iV2/C2) = (Vl/Cl) ® {V2/V1) 

By hypotheses (1) and (3), the right-hand-side of equation is a projective 
i?- module, which shows that C2/C1 is a projective i?-module. By Lemma [4.0.11 
C2/C1 is a projective 7?.- module. Counting projective ranks over R on both sides 
of equation (jl2p and using hypothesis (2) shows that the projective rank function 
Spec(i?) ^ N of C2I C\ is the constant function p rankfl(V2/Vi). Hypothesis 
(3) finishes the proof (use rankfl(7?.) =2). □ 

8.7. The special fibers exliausts tiie full afflne flag variety. Let i? be a 

(commutative) Fp-algebra and set Tl := O CSiZp ^- Choose {J-'i)iez G Tf^{R). Let 
u{t) £ ¥p{{t)) be the similitude for {J-i)i^z occurring in AFMH Denote by A the 
degree of u{t). From the verification of AFVl5]in the previous subsection I know 
that A will be the future value of m — n. So, let m, n G N be such that m — n = A 
and such that 

(13) e\,{R)<zF^<Zt-"'\^{R) 

for alH = 0, . . . , d/2. From the discussion in i i8.3l (page [37]), I know that there is 
no danger in choosing m, n too large. 

By passing through the quotient, define Ci to be the 7?.[t]-module satisfying 

rv.(i?) C A C t-"'V^(R) 

corresponding to Fi for each i — . . . ,d/2. It is obvious that £0 C • • • C Cd/2- 
For each i, I have the short-exact-sequence of F[[t]] -modules 

^ F^+i/T, ^ t-'''n[[t\Y/T, ^ t-'""R[[t]Y/T,+i ^ 

By AFVdand AFMH 

r&n]^n{t-'^n[Wl^^) = rank7^(^-™7^[[^]]7J■,+l) + 1 
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which implies that 

rankK(A/i"H(i?)) = rankK(A+i/t"V,+i(i?)) 
(note that the quotient on the right is by a shghtly larger module than on the left) 

To verify ELMlJl it now suffices to show that the projective rank function 
Spec(i?) — s> N of To / 1"^ \o{R) is the constant function d{m + n). Dualizing equation 
([T^ yields 

The quotient t^"Ao(i?)/JT) is a projective 7?.-module and has the same (constant) 
projective rank function as J-Q/t"Xo{R). This means that 

rankTC(J"oA"Ao(i?)) = rankK(<-"Ao(i?)/-Fo) 

= rank7^(^-"'Ao(i?)/^"-"J^o) = rank7^(t-™Ao(i?)/ -Fo) 

The first and last ranks are equal and must sum to d{m + n), so the claim is proven 
(recall that rankii;(7^) = 2). 

It is automatic that EL]V(5]is satisfied. 

8.8. The affine Grassmannian over Qp. For the affine Grassmannian, the setup 
is: I use the unramified quadratic extension Qp{{t)) C F{{t)), the vector space 
F{{t))'^, and the standard hermitian form $ : F{{t))'^ x F{{t)y F{{t)) defined 
by the anti-identity matrix. 

Definition: The Affine Grassmannian. The affine Grassmannian Qr^^ is the 
functor that assigns to any (commutative) Qlp-algebra R (for simplicity of notation, 
set TZ := R F) the set of all Tl[[t]]-submodules J- of TZ{{t)Y satisfying: 

(1) Am 

F is a Zariski-lattice 

(2) AGd 

Zariski-locally on Spec(i?), there exists u(t) G i?((t))^ such that 

T = u{t) ■ f. 

8.9. The generic fibers are subschemes of the affine Grassmannian. Let R 

be a (commutative) Qp-algebra. Consider a point {Lq,L\, . . . ,Cd/2) G M('"'")(i?). 
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As before, note that 

V{Qp)=F[t,t-\{t+p)-Y cF{{t)f 
VoiQp) =F[tf 

ViiClp)^{t+p)-'F[t](SF[tf-' 

Vd_i(Qp) = {t+p)-^F[tf-^ e F[t] 
Vd(Qp) = it+p)-'F[tf 

Since t + p is a unit in Qp[[t]], the discussion in §8.21 (page [33 ]) impUes that over 
Qp the "chain" £o C £i C • • • C Cd/2 collapses and I may ignore all of them except 
one, say C :— Cq. 

Using a similar argument as in H8.61 notice that passing through the isomor- 
phism of quotients 

t-^{t + p)-'^n[tf ^ ^-"7^[[^]]'' 
v^n[tY f"'n[[t]Y 

(this uses the fact that t+p is a unit in Qp[[i]]) associates to C an 7?,[[t]]-submodule 
F of 'R{{t)Y satisfying 

^"7^[[^]]'* c c <-"7^[[^]]'^ 

I claim that J- defines an injective function M'^™'"^(i?) 0^q|, ^-^d that 
the collection over all Qp-algebras R of these functions defines a natural transfor- 
mation m[£'"^ ^ ^r^^^. 



Proof of A(^T] The proof here is the same as the proof of AFV[3] fpage [39)): 



apply Lemma HITT] (page [T7)) to R R F. 



Proof of AGl2] The proof here is exactly the same as the proof of AFVlS] (page 



noticing that t + p is a, unit in Q)3[[i]] etc. 



8.10. The generic fibers exhaust the afflne Grassmannian. The proof of the 
fact that the schemes Mq"'"'' exhaust GrQ^ is nearly identical to the case of the 
special fibers exhausting the full affine flag variety, noticing as usual that t + p is a 
unit in Qp[[i]] etc. 



9. An automorphism group for the enlarged models 

9.1. Definition. Define the functor 

: Zp-Algebras ^ Groups 
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by assigning to any (commutative) Zp-algebra R the group of all 7?.[^]-linear au- 
tomorphisms g of the quotient Vsup(-R) that stabilize each of the subspaces Vi{R) 
and are similitudes with respect to the product 

with multiplier c{g) G R[t\ representing an element of (_R[t]/t™+"(t +p)_R[i])^. In 
particular, c{g) e R[[t]]^ and c(.g)(0) G R^ . 

Remark. The "precision" for c{g) is sufficient because the codomain 

of (f) is isomorphic as an TZ[t]-module to TZ[t]/t"^'^"'{t + p)TZ[t]. 

Lemma 9.1.1. This functor J '■^"^■^^^ is a finite-type affine group Tip-scheme and the 
rule 

{C(i,Ci, . . .,Cd/2) I — > (5(^0), 5(^1): ■ ■ • ,5(^^/2)) 
defines an action 0/ J^™-") on M^™-"). 



Proof, affine The condition that any g € rnust stabilize the filtration V; 

together with the condition that it be a similitude present as a closed sub- 

scheme of Autc)[t]_iin(Vsup)- The condition that g G Autc)[j]_iin(Vsup) be 0[t]-linear 
rather than simply O-linear presents Autc)[t]_iin(Vsup) as a closed subscheme of 
Gh2d{m+n) (this condition is the same as requiring that g commute with the oper- 
ator t). finite- type This is obvious from the proof of affine- ness. action Let R 
be a (commutative) Zp-algebra and set TZ := O R- Take {C^)%l G M(™^")(i?) 
and take g G J*^'"'"^(i?). It is obvious from the definition that (5(>Ci))f=o satisfies 
ELME ELMd ELMH and ELlVd To prove ELMH note that restricting the 
above ^ to ^-"7^[^]'^/^"7^[^]'' agrees with the (j) used in g821(page|33l)- Also note that 
the image of £0 in ^""7^[^]'*/^"7^[^]'^ is identical to what was called Lq in i i8.2l (page 
|33)| . Therefore, by Lemma [8 . 2 . II (page [36)) . I need to show that (f)R{g{LQ),x) = if 
and only if a; G g(Lo)- |^] Since = (l)ii{g{Lo),x) = c{g)(t>R{Lo, g''^{x)), the defi- 
nition of c{g) implies that (j3ji{Lt),g^^{x)) = also. So g^^{x) G io and x G g{Lo)- 
I -4= I This is trivial since c{g) G R[t]. The case of Cd/2 is similar. 

It is trivial that this is a group action and that these actions form a natural 
transformation j'™-") x M^™'") M^™^"). □ 

This is a degeneration of the special parahoric /C over Qp[[t]] to the 

Iwahori subgroup X over Fp[[t]], much in the same way that M'™'") degenerates 
the affine Grassmannian Qr'^^ over Qp to the full affine flag variety Ti'^^ over Fp: 
as verifled above, the generic and special fibers of M^'"'"'' are subschemes of Qr'^^ 
and Ti'^^ respectively, and the generic and special fibers of are essentially 

the quotients one gets by restricting /C and I to these subschemes. 
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9.2. The automorphism group is smooth. In this subsection, I prove that 
j(m,n) ^ smooth Zp-scheme. This is necessary to connect the equivariant sheaf 
theory of Mg"'"'' to the equivariant sheaf theory on M^'"^ More precisely, it is 
needed in order to apply base-change for pullbacks. 

By Lemma TQ. 1.11 (page l45l) . is finite-type, so to show that 

jim.n) _^ Spec(Zp) 

is smooth, it suffices to verify the "infinitesimal lifting property" (formal smooth- 
ness): 

j(m,n) _^ Spec(Zp) is formally smooth if and only if for each (commutative) 
Tip-algebra R and each nilpotent ideal I CZ R (equivalently, one satisfying —^), 
the group homomorphism J'^™'"^(i?) — J> j'™'"-* (i?//) is surjective. 

Set 

S = R[t]/t"'+''{t + p)R[t] 

Set 

S''^'{R/I)[t]/t"^+^{t + p){R/I)[t] 

For simplicity of notation, set TZ := O (E)Zp R- Let I be the extension of the ideal 
I in n. Set 

5'^=^^7^[^]/^'"+"(^ + p)7^[^] 

and 

s =^ {n/i)[t]/t'^+'\t + p){n/i)[t\ 

Let /( be the extension of / in S and let Xt be the extension of X in S. I use without 
warning the equalities 

5 - SI It 

S = 0(8>z,S^ S/It 

Let g £ J('"'")(i?//) be arbitrary. By definition, g is an 5 [<] -linear automor- 
phism of Vsup(^/-^)- I make the obvious 7<^[i]-linear identification 

(14) V.up(i?//) = S'' 

so that g is identified with an automorphism of iS*^ and the hermitian form used 
in the definition fpage of J'^™'")(i?//) is identified with the standard hermitian 
form S X S ^ S defined by the anti-identity matrix. 

To construct a lift g G J(™'")(i?), I use the following point of view: having g is 
equivalent to having vi, . . . ,Vd G iS"* such that 
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• ui , . . . , is an 5-module basis of S"^ 

• v,€S^(S {t+p)S'^-^ for all i. 

• there is c G 5^ such that 

i+j = d + l 
i+j^d+1 

The link between the two points of view is 

Vi = g{ei) 
c = c{g) 

Note that it is automatic from -linearity that g stabilizes each 5* © {t+p)S'^~^. 
To simplify notation further, set 




M 



Ni:=S' ® aS''-' {i = 0,...,d) 
Let M denote M (8)5 (S/lt) = M/XtM. Let IVj be the image of Ni in M. 
First, note that lifting is easy if the similitude condition is not involved: 

Lemma 9.2.1. // wi, . . . ,?Jd is an {S /It) -module basis for M such that Vi G Ni 
for all i, then there exists an S -module basis vi,. . . ,Vd for M such that such that 
Vi e Ni and 

vi = vi mod ItM. 

Proof. Let Vi G Ni be arbitrary lifts of Wj. Nakayania's lemma implies that since 
vi,. . . ,Vd generates M, the set vi, ... ,Vci generates M (to apply Nakayama's lemma, 
note that If = ). By "Linear Independence of Minimal Generating Sets", 
vi,. . . ,Vd, must be a basis. □ 

Now I extend this lemma to handle the similitude condition: 

Proposition 9.2.2. Let ei, . . . , be the standard basis for S"^ and set Vi := 'g{ei). 
Assertion: There is c ^ and Wi € Ni (i = 1, . . . ,d) that form an S-module 
basis for M and that satisfy 

• wi =vi mod IfM, and 

c i+ j = d+1 



• (l>^{Wi,Wj 



i+j^d+l 
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Proof. Let J denote the involution of S induced by the non-trivial element of 
Ga\{F/Qp). Note that the ideal It is ^/-stable because it was extended from I C R. 
Let vi, . . . ,Vd he the basis guaranteed by Lemma 19.2.11 and choose a representative 
c e of c{g) such that j(c) = c (this is possible because c{g) € by definition). 

By assumption, the similitude condition holds modulo I, i.e. 

civ) i + j = d+l 



More succinctly, 







where 5 is the Kronecker delta. This means that there are xtj G Tt such that 

(15) 4'R{vi,Vj) = c6t^d+i-j + Xij 

Since c is independent of i,j and since j{c) ~ c, it is true that Xj^i — j{xij): 

{(j> is hermitian) = j{(f>jj^{vi,Vj)) - cS-j^d+i-i 
(because 5i^d+i-j = Sj^d+i-i) = ]{4'R{vi,Vj)) - c5i^d+i-j 
(because j(c) = c) = ji^ij) 

By bi-additivity, 

Because of this and the equality Xj^i — j(xij), it suffices to find mi, . . . , rud € TtM 
such that nii G iV^ and (f>j^{mi, Vj) = —^Xij and then to take Wi '= Vi + nii, since 
then 

(j)ji{wi,Wj) = cSi^d+i-j + Xi^j - -Xi,j -^j{xj,i) = C(5j,d+i-i 

(note that = implies (j)ji{mi,mj) — 0). 

Remark. Here I have used the assumption that p ^ 2. 
Note that 

(16) Nd-., = {m e M I '4>{m,Ni) C aS} 

Fix i. Consider the 5- linear functional M ^ S defined by Vj —^Xi,j. Since 
4>fi is perfect, this functional is 4)ii{mi,—) for some rrii £ M. In fact, € ItM 
since Xij (z It- I claim that this functional automatically sends Nd-i into aS. It 
then follows from inclusion "d" of duality that rm & Ni, and the proof will be 
finished. 
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Since 

vi,. . . ,Vd-i,aVd-i+i, ■ ■ ■ ,crvd 
is an 5- linear basis for Nd-i, it sufBces to show that 

for the subset l<j<d — ioi indices. This inequality implies that i d + 1 — j 
and the defining relation (IT5|) gives 

So it suffices to show that (f)ji{vi, Vj) £ aS. But this is just inclusion "c" of duality 

dm). □ 

Remark. This proof is a variant of Proposition A. 13 from |RZ95) extended to 
handle flags. 

9.3. Conventions for Weyl groups, cocharacters, etc. In this subsection, I 
set some conventions for Weyl groups and related objects that will be used in §9.51 
and mi\ 

Consider the unitary similitude group GU^ associated to the quadratic exten- 
sion F{{t))/Fp{{t)), the vector space F{{t)Y, and the standard hermitian form 
defined by the anti- identity matrix id^. Let A be the usual maximally Fp((t))-split 
diagonal torus of G\Jd- Since G\Jd is quasi-split, the centralizer Cg-[j^{A) is a max- 
imal torus T (also consisting of diagonal elements) and is defined over Fp{{t)). The 
relative extended affine Weyl group of GU^ with respect to A is the quotient 

W^'NiFpim/TiFpimo 

where N is the normalizer iVGUd(^) ^nd r(Fp((t)))o is the unique maximal compact 
open subgroup of T(Fp((t))). 

Let W — N/T be the relative finite Weyl group of G with respect to A and 
the abelian group of algebraic group homomorphisms A — > G"\ The ex- 
tended affine Weyl group W has a semidirect product decomposition 

W X,.{A) » W 

and parametrizes the double cosets of G\Jd{Fp{{t))) modulo an Iwahori subgroup 
(this parametrization is called the Bruhat-Tits decomposition). Implicit in this 
parametrization is the fact that elements of W can be represented by Fp{{t))- 
points, and therefore W can be considered as a subset (usually not a subgroup) 
in many different ways of G\} d{P p{{t))) . In more detail, elements of W can be 
represented by elements of GUd(Fp((t))), and I consider X„{A) also as a subset of 
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A{Fp{{t))) C GUrf(Fp((<))) via the map A i-> A(<). I fix such an inclusion 

W ^ GUd(Fp((t))) 
and use it without warning from now on. 

Remark. In general, the group which parametrizes the Bruhat-Tits decomposition 
relative to an Iwahori subgroup is the Iwahori-Weyl group, defined completely gen- 
erally in [HRa08] using the Kottwitz homomorphism from |Kot97| ; see Definition 
7, Proposition 8, and Remark 9 of [HRa08| . But since GU^ here is unramified, the 
Iwahori-Weyl group coincides with what is usually called the extended affine Weyl 
group and the Kottwitz homomorphism also has a more direct definition; see Re- 
mark 10 of [HRa08| . and Lemma 3.0.1(111), Corollary 11.1.2(c), and Proposition 
11.1.4 of [HRolOj . 

Finally, I denote by $aff the affine root system for GVd as described in §1.6 of 
[Tit79| . Let W^s CW he the subgroup generated by reflections across the kernels 
of elements of <I>aff ■ Fix a Chevalley-Bruhat partial order < and length function i 
on Waff, which I require to be consistent with the Iwahori subgroup defined in the 
next subsection. I consider £ on W hy extending trivially. 

Similar conventions are in place for the unitary similitude group associated to 
the (unramified) quadratic extension F{(t))/Qp{{t)). 

9.4. Description of the Iwahori subgroup. Return to the setup of H8.5I (page 
I39p . i.e. denote by GU^ the unitary similitude group associated to the (unrami- 
fied) quadratic extension F{{t))/Fp{{t)), the vector space F{{t))'^, and the standard 
hermitian form $ defined by the anti-identity matrix id^. Define the "standard" 
periodic $-self-dual chain {Xi}i^z of F[[t]]-lattices in F{{t)Y by extending 

A, =■ t-^F[[t]Y ® F[[t]f-' {0<i<d) 

periodically. Notice that 

k ®Fp[[t]] Fp = Ai (g)Zp Fp 

Let 

I : Fp[[t]]- Algebras -> Groups 

be the Iwahori subgroup scheme of GVd associated to the lattice chain (Ai)igz, h^ 
the sense of [HRa08| or |BT72j . |BT84j . Then by Equality 8.0.1 and Remark 8.0.2 
in [HRolOj l. 

I{Fp[[t]]) ^{ge GU<i(Fp((t))) I g(A,) = A, and K{g) = 1} 
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(here k is the "Kottwitz homomorphism" associated to GUd). Note that if <? £ 
X{Fp[[t]]) then c{g) 6 Fp[[t]]^ since g and g'^ both stabihze Aq = F[[t]]'^. 



9.5. A "Bruhat-Tits decomposition" of the local model. I claim that there 
is a group homomorphism 

(17) Z(Fp[[t]])^j(™^")(F,) 

such that acting by I(Fp[[t]]) on the image of the embedding 

M('"'")(Fp) J'r^(Fp) 
is the same as acting directly on M*^"''"^(Fp) via ([TTl) . 

If g G I(Fp[[t]]) then by definition g descends to an F[i]-linear automorphism 
y of the quotient 

t-(™+i)F[[t]]'i/i"F[[t]]'' = t~(™+i)F[t]'*/<"F[i]'* = Vsup(Fp) 

and stabilizes the subquotients 

A./Vinf(Fp) = V,(Fp) 

Modulo the element c{g) becomes a multiplier c{'g) as in the definition of 

j('"'")(Fp). This shows that 5 5 is a function X(Fp[[t]]) ^ j('"'")(Fp). It is 
clear that this is a group homomorphism and that the actions of J'^™'")(Fp) on 
M('"'")(Fp) and 2:(Fp[[t]]) on J"r*(Fp) are compatible. 

Let W be the Iwahori-Weyl group from §9.31 (page [49|) and recall the notation 
and conventions there. For each w G W, there is the affine Schubert cell 

These Schubert cells can be enriched to Fp-schemes: define the functor 

Cw ■ Fp- Algebras — > Sets 

to be the fpqc-sheafification of the functor that assigns to any (commutative) Fp- 
algebra R the J(i?[[t]])-orbit of wr in G\Jd{R{{t)))/I{R[[t\]) (here wr denotes the 
image of w under GUd(Fp((t))) ^ GUd(i?((t)))). 

Because of the subset M(™'")(Fp) C Tt^{Fp) is I(Fp[[t]])-stable and 

there is a Bruhat-Tits decomposition of M("''")(Fp): 

M('"'")(Fp) = H C„(Fp) 
for a certain finite subset M^^™'") c W. 
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Remark. In the trivial case Mp — ^Fp^ decomposition consists of the cells 
Cw for w in the "admissible set" Adni(/i), which is the closure (in the sense of the 
comhinatorially- defined Bruhat-Chev alley partial order) of the orbit of ^ under the 
finite Weyl group. See |Hai05| for some pictures of admissible sets. 

9.6. Description of the special parahoric subgroup. Return to the setup of 
§8.81 (page HHJ, i.e. denote by GUd the unitary similitude group associated to 
the (unramified) quadratic extension F{{t))/Qp{{t)), the vector space F{{t))'^, and 
the standard hermitian form $ defined by the anti- identity matrix id^. Define 
the "standard" periodic $-selfdual chain {Xi}i^z of F[[i]]-lattices in F{{t))'^ by 
extending 

A, "t't-^FMY ® Fm""" {0<i<d) 

periodically and let 

/C : Qp[[i]]- Algebras — > Groups 
be the special parahoric subgroup scheme of GUd associated to the lattice Aq . Then 

l^iQpM]) - {.9 e GU4Qp((i))) I 5(Ao) = Ao and K{g) = 1} 
(here k is the "Kottwitz homomorphism" ) . As before, if g G /C(Qp[[t]]) then c{g) S 

9.7. A "Cartan decomposition" of the local model. As in §9.51 (page ISTj) . I 
claim that there is a group homomorphism 

(18) /C(Qp[[i]])^j('"^")(Qp) 

such that acting by /C(Qp[[<]]) on the image of the embedding 

j("'")(Qp)^e^'''(Qp) 

is the same as acting directly on M("'")(Qp) via ()18|) . The group homomorphism 
is defined in the same way: any g e /C(Qp[[i]]) restricts to an automorphism g of 
Vsup(Qp) which stabilizes the subquotient 

Ao/Vinf(Qp) = Vo(Qp) 

and, because t+p is a unit in Qp[[i]], also stabilizes the other Vi(Qp). The automor- 
phism g automatically satisfies the similtude condition necessary for membership 
in j('"'")(Qp). 

Recall the notation and conventions in §9.31 (page |49)) . Let 0\ denote the Qp- 
subschemes of Qr'^^ forming the Cartan decomposition. Similar to §9.51 ([TS]) implies 
that that j(™'")(Qp) is a /C(Qp[[i]])-stable subset of ^^''^(Qp), so there is a Cartan 
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decomposition: 

M(™-")(Qp) = [] Oa(Qp) 

for a certain finite set of (dominant) cocharacters A G X,,{A). 

Remark. In the case of{m,n) = (0, 1), this decomposition is a singleton: Mg'^^ = 
Mq'^ consists of the single cell . 

10. The trace function 

10.1. Generalities on nearby cycles and trace functions. Let X be a sepa- 
rated finite-type Zp-scheme. Let C be a complex of etale ^-adic sheaves on Xq^. 
The pullback C* of C* along 

has a natural continuous action by 

r''=^'Gal(Qp/Qp) 
i.e. a collection for all 7 G F of functor isomorphisms 

consistent with composition (by abuse of notation, 7 also denotes the induced Qp- 
scheme automorphism of X-^ ). Define 

R*(C-)''=%*(Rj.(C')), 

the nearby cycles complex of etale ^-adic sheaves on X^ , where 

^Fp ^ ^Zp ^ ^Q^ 

are the structure morphisms. The complex R5'(C*) on X^ inherits the action by 
r. In particular, each 7 G F induces an endomorphism of the cohomology stalk 

for every x G X{Fp) and i G Z. 

Grothendieck's quasi-unipotent inertia theorem (see the Proposition in the 
Appendix of [ST68j) applies to the continuous representation of F on the finite- 
dimensional Q^-vector space 'H^(R'i'{C*))x to yield "semisimplifications" 

ss(H'(R*(r)),) 

on which the inertia subgroup Fq via a finite quotient (F acts on the semisimpli- 
fication by acting individually on each summand). See §3 of [HN02| for a detailed 
discussion of these semisimplifications. 
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The action of T on ss{W{R^{C')).^ f" factors through Gal(Fp/Fp), and one 
defines 

T^*(C-)(^) = E(-l)^ Tr(Frob; ss(H^(R*(r)).)r°) 

i 

for all X G X{Fp). The exactness of the fixed-points functor V V'^ for a /inite 
group G makes this function more well-behaved; see for example the proof of Lemma 
10 in jHN02| . 

More generally, define 

for any complex of etale ^-adic sheaves C on which has an action by Gal(Qp/ Qp) 
consistent with the action of Gal(Fp/Fp) on . For example, C* could be the 
puUback to Xp of a complex on Xf^ with Gal(Qp/Qp) acting via the composition 

Gal(Qp/Qp) Gal(Q;"7Qp) Gal(Fp/Fp) 

(in which case the semisimplification is vacuous). 

10.2. Definition of the main trace functions. Fix m, n e N. Let 0\ be a cell 
from the Cartan decomposition of Mq^'"-*. Let ICa be the (perverse) etale ^-adic 
intersection complex on Ox (the reduced closure). Then applying the construction 
from the previous subsection to this special case yields 

='4*(ic.) :M("'")(Fp)^Q, 

By the embedding in ^8.6\ (page|40]), I can extend by and consider rf^ to be a 
function on Tt^{Fp). 

10.3. The trace function is Iwahori-invariant. In order to show that t^^ is in 
the Iwahori-Hecke algebra H of GU(F((i))'', $)(Fp((t))) with respect to I(Fp[[i]]), I 
must show that it is invariant under left-translations by I(Fp[[t]]) (invariance under 
right-translations is automatic from the domain of J^^^*^(Fp)). Because of the group 
homomorphism X(Fp[[t]]) j('"'")(Fp) (see 313] (page EI])) and the definition of 
T^^, it suffices to show that R\1/(ICa) is J^'"^-equivariant, in the sense that there 
is a isomorphism 

(19) ac^^(R'i'(ICA)) ^ pr|.^(R*(ICA)) 

of etale sheaf complexes subject to a "cocycle" (group action axiom) condition. 
Here 

ac,pr:J^ ■ ^ Xspec(Zp) ^ -> ' ' 
are the left-action (see ij9.1.ip and projection morphisms. 
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By Proposition lQ . 2.2] (page l47l) . the morphism — j. Spec(Zp) is smooth, so 
the projection, which is the morphism Xspcc(Zp) M^™'") —s- M^™'") supphed 

by the fiber product, is also smooth (since smoothness is preserved under base- 
change) . It follows from "smooth base change" (the fact that puUback by a smooth 
morphism commutes with (derived) pushforward in a base-change diagram), that 

(20) pr|.^(RM'(ICA)) = R*(prJj^(ICA)) 

On the other hand, the functor endomorphism of x M*^™'") defined by 

{g,x) I— > {g,g{x)) is an automorphism (over Zp). Since the action morphism ac is 
the composition of this automorphism with the (smooth) projection pr, this shows 
that the action morphism ac is smooth, and so by the same reasoning as for pr, 

(21) aci (R*(ICa)) = R*(acJj^(ICA)) 

The intersection complex ICa is Jq"'"^-equivariant by definition so combining 
(PUl) and (EI]) yields dH]). 

10.4. Statement of theorem. By the previous subsection, t^^ is identified with 
an element of the Iwahori-Hecke algebra H. 

Main Theorem, t^^ £ Z{n). 

The remainder of the paper develops the tools needed to prove this theorem, 
and the proof of theorem itself occurs in i}T4l (page [87]) . 

Remark. Although the theorem only directly concerns /i minuscule, in which case 
ICp is, up to a shift, the constant sheaf (since = 0^,), the commutativity property 
involves other so those parts of mO\ concerning non-minuscule X are not useless. 

Assumption. The complement in M'°'^ of the Schubert cells C Mp^ such that 

codim]y[ioc(C^) > 

is a smooth Zp-scheme. 

This assumption is surely already satisfied, but I have not yet verified it rigor- 
ously. 

Corollary, is the scaled Bernstein basis function (— l)^(^^(7(/i)5z^. 

The value g(/i) is defined as the index [I/il : I]. The sign (— 1)^(^) is due to 
the shift by — dim(Op) ~ —^if-) imposed on the intersection complexes to make 
them perverse. 
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Proof. By definition, r^"^ : Tt^{Fp) is supported on M'°'=(Fp). By the 

lemma following this proof, M'°'^ is flat, so the cells occurring in the Bruhat-Tits 
decomposition for M'°'^(Fp) are the admissible set Adm(/i). By the assumption 
immediately before this corollary and Lemma 8.6 in |Hai05j . r^^iCf^) — (— 1)^*^^^ It 
is clear from the definition of the Bernstein basis functions that the value of 2;^ on 
Cfj. is q{ijL)~i , and Theorem 5.8 in |Hai01) characterizes the (normalized) Bernstein 
basis functions as those which are central, supported on Adm(^) and have value 1 
on the dominant cell C^. □ 

Remark. At first glance, Theorem 5.8 in [HaiOl] appears to work only in the split 
case, since the Hecke algebras considered use constant parameter systems. However, 
the theorem holds generally. 

Lemma 10.4.1. M'°'^ is aflat Tip-scheme. 

Proof. If i? S* is a faithfully-flat homomorphism of (commutative) rings and M is 
an i?-module such that M 0^ 5' is a flat iS- module, then M is a flat i?-module. Since 
flatness of a morphism of schemes is local with respect to the domain, this means 
that it suffices to verify that MjJ^'^ is a flat O-scheme. To see this, first note that since 
- (g)2^ i? = (- (giZp O) ®o R for any (commutative) O-algebra R, the set M'°'^(i?) is 
the same as the i?-points of the local model associated to the datum consisting of 
the base field F (instead of Qp), the vector space F'^ F, the lattices (g)Zp O, 
etc. but which also satisfy the PEL condition SLIVQ) The function AT (g) a 
{aX,aX) defines a Qp-algebra isomorphism Md{F) (gjq^, F Md{F) x Md{F) 
which transforms the involution *std ® id into the involution (X,Y) H> (y'', a'"^), 
and similar decompositions hold for F'^(E)q^F, Ai^ZpO, etc. These decompositions 
allow each module Ki occurring in a point of M'°^ (i?) to be identified with a sum 
K^^^ © K^^'^^ inside (A^ ©o R) ® (A^ <^q R) . Because of the definition of the hermitian 
form (j) and the reversal that occurs in the involution on Md{F) x Md{F), the PEL 
condition SL]V(4]is equivalent to the condition A'^^-' = (K^J)^ (in particular, the 
modules K^'^^ are completely determined by the modules K^^^). This means that 
Mq*^ is isomorphic to a standard GL local model, which by jGorOll is flat. □ 

Remark. A similar collapsing of a PEL local model to an EL local model occurs 
in ^6.3.3 of [HaiOSj . 

11. The convolution diagram 

11.1. The full afflne flag variety over Zp. Here I recall the deflnition of the 
affine flag variety and Iwahori subgroup over Zp as limits of projective Zp-schemes 
in a way that is compatible with the deflnition of M^™'"^ and By extending 
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scalars, this integral afBne flag variety gives the usual affine flag varieties over Qp 
and Fp. The construction is just a slight variation on the previous theme. 

Definition: The Integral Afiine Flag Variety. Fix G N. Define the 
functor 

Fl^^''') : Zp-Algebras — > Sets 

by assigning to each (commutative) Tip-algebra R the set of all tuples (J-q, • . . ,0'd/2) 
of TZ[t]-submodules ofV{R) such that 

• Jo C • • ■ C Td/2 

• {t+pYV^{R) C j:, C {t+p)-^'V^{R) for each < i < d/2 

• each inclusion T^/{t + pYVi{R) ^ {t + p)-i'Vt{R)/{t + pYVt{R) splits 
R-linearly 

• the projective rank function Spec(i?) — >■ N associated to each 

F,/{t+pYV^{R) 
is the constant function p i— > d{^ + v) 

• Zariski-locally on Spec(i?), = J-q with respect to (t-\-p)^~'^(j)ii andTd/2 = 



J'd/2 with respect to {t + p)^ '^^^t. 



(The duality occurring here is similar to the one occurring in ELlVfSl it is 
required that J-q be exactly the elements x G V(-R) such that 

MJ'o.x) c (t+py-'^nit] 

and similarly for J- d/2-) 
Define 

Ui^t^^'it+proitf 

Usnp='{t+p)-''-'0[tf 
Usup ~ ^sup/^iiif 

For the purpose of this subsection, redefine to be the hermitian Zp[i] -bilinear 
form 

;a 77 v77 , (t+p)-^(^+i)0[t] 

defined by the anti- identity matrix, and redefine Vi to be the image of V,; in Wsup- 
Definition: The Integral Iwahori Subgroup. Fix G N. Define the functor 
Iw^^''^^ : Zp-Algebras Groups 
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by assigning to each (commutative) Zp-algebra R the group of all TZ[t]-linear auto- 
morphisms g of Usup that stabilize each Vi and are similitudes with respect to the 
product with multiplier c{g) £ R[t] representing a unit in R[t]/{t+p)'-''^'^^^R[t]. 

Like J(™'") ^ Spec(Zp), each of these Iw^'"-'') ^ Spec(Zp) is a smooth afhne 
algebraic group scheme. 

These schemes have a few purposes. First, the full affine flag varieties over Qp 
and Fp are just the fibers of 

hence the name. 

Second, FP* has a Bruhat-Tits decomposition Fr^ ^JJC^ over Zp, i.e. the 
Schubert cells are Zp-schemes (The abuse of notation is acceptable because the 
extension to Fp of this is the "C^," from H9.5I (page [?T|) ). 

Third, one can define the etale £-adic intersection complex IC^ on and 
the restrictions ICtolppff and ICu,|piatf are just the corresponding etale intersection 

Fp Qp 

complexes on the affine flag varieties over Fp and Qp. Because of all this, §5.2 of 
|HN02) shows that 

R^'(lC^,|p,aiT ) 

Fp Qp 

Remark. ^5.2 of |HN02j applies because the fields involved here are algebraically- 
closed: by an argument similar to that given in the proof of Lemma \10.^.1\ (page 
156)) . the schemes used here simplify to the GL case after passing to the algebraic 
closure. 

11.2. Group-like schemes to act on M^" ") and Fl^'''''\ Fix m,n,fi,iy G N. I 
define two Zp-schemes, M^™'") and Fl^^'''' , and morphisms M^™^") -> M^"'") and 
Fl FV'^'"'. These schemes and morphisms play the role, in the truncated 

case, of the algebraic group acting on its affine flag variety by left-multiplication. 

Fix TO, fi,i> N. Deflne 

^ dctt-''^{t+p)-^^-^0[t]'' 



For this section, redefine 

: Wsup X Wsup 



t"'{t+p)''0[tY 

t-2m(t+p)-2(M+l)C)[t] 



trl-rn(t+pY-^^-^0[t] 
be the hermitian Zp[i]-bilinear form defined by the anti-identity matrix, and redefine 
Vi to be the image of Vi in Wsup- 
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Remark. This Wsup is designed to be a universal container for all modules occur- 
ring m the definitions of both M^™-") and Fl'^'''''\ 

Define the functor 

j^(m,n) . z^_Algebras — > Sets 

by assigning to eacli (commutative) Zp-algebra R, the set of all 7?,[t]-linear maps 
g : Wsup{R) yVsup{R) such that 

(1) each A =^5(<"™V»(i?)) satisfies 

rv,(i?) c A Ci-"V,(i?) 

(2) each inclusion Xi/V'V^{R) ^ t-™V,(i?)/i"V,(i?) splits i?-Unearly 

(3) the projective rank function Spec(_R) N associated to each 

A/t"V,(i?) 

is the constant function p d{m + n) 

(4) there exists a c{g) G R[t] representing a unit in i?[t]/i™+"(i + p)f'+''+^ R[t] 
such that 

0^(g(x),.g(y))=c(.g)t"+>^(x,y) 
for all x,y &Wsnp{R) 

(5) Setting 

deft-"'{t+p)-^0[tY © t-™OM''-* 



t-^v- 



t'^{t+p)t'+''+^0[t]d 



^ def 



(note that Cq C £i C ■ • • ), there exists Zariski-locally on Spec(i?) an TZ[t]- 
linear isomorphism 

g : t-"'Vo{R) ^ Co 
inducing the restriction g : t^"^Vo{R) — > Cq such that 
5((<+p)t-"V.(i?)) = (t+p)A 

and such that 

^«(5(x),g(y)) = c(g)r+>^(x,y) 

for all x,y e t^"^Vo{R) (by the duality condition ELMlH the ordinary 
product (pj^ is well-defined on Co) 
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(the meaning of "Zariski-locally" in the last condition is that there are multipUcative 
subsets Si, . . . ,Sn covering Spec(i?) and S~^TZ[t]-\mea,T isomorphisms 

inducing S~^g) 

Remark. / am abusing notation by not including fi and v in the symbol "M^"*'") 

It is clear that the tuple (£o, ■■■^^4/2) has all the properties necessary to be 
the image in t"™ V, (i?) = t-"'V^(i?)/rV,(i?) of a point (£0, ■ • ■ , Cd/2) e 
M'^™'")(i?) except possibly the duality condition EL]V1[5] That condition follows 
from the similitude condition (notice that cj) here restricts, descends and retracts 
to the from i j8.ll (page [31]) ). taking into account that the factor of comes 
from a normalization: and t^"^(j)j^ send Cq x Lq and t^'"Vo(-R) x t^™^Vo{R) 

(respectively) into TVyt], and g should identify t^"^4'j^ to hence the above 

requirement. 

Therefore, I may define 

M('"'")(i?) — ^M("^")(i?) 

9 ' — > (A, • ■ • , 'Cd/2) 

Remark. Recall that if m — n then the trivial tuple {Vq{R), . . . ,Vd/2{R)) is an 
element of 'WIS'^'™^\R), so the map w i-> i™w is a sort of "identity element" of 
M^™'™-* . As before, this is related to the identity component of the affine flag 
varieties. 

Proposition 11.2.1. M^" ") is a finite-type Tip-scheme. 

Proof. Let ^i-^^'^ ■ Zp-Algebras Sets be the functor defined only by conditions 
(H)), ([2]), © and (jH). Conditions ^ and (|4]) obviously define a finite- type scheme, 
and Lemma 18 from |HN02j handles conditions © and ([3]), so M^^JJ^ is a finite- 
type scheme. Now consider M^"*'"^ C M^j^^-*. It is clear that the similitude part 
of condition ([5]) is no problem, so I now check the Zariski-local existence statement. 

Let i? be a (commutative) Zp-algebra and temporarily fix g G '^l^aki-^)- 
set oi possibly-non-invertible If inducing g globally on Spec(i?) is clearly the i?-points 
of a finite-dimensional affine space (choose additional matrix entries from Cq/Cq). 
Let k be the dimension of this affine space. Then for fixed g, the condition of 
invertibility can be expressed (by Cramer's rule) as a polynomial equation by using 
the associated A:- variable determinant detg. Now I extend this to the Zariski-local 
case. 
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Define for eacfi n G N and ii, . . . , in, mi, . . . , to„ G N tlic ideal I{n; {£i}; {mj}) 

in 

Zp[Wi, . . ., Wn\Xi, . . . , Xn, Yi,. . . , Yn, z[ \ . . . , \ . . . , z[ \ . . . , 
by tlie equations 

WiYi + --- + WnYn = l 

Yi^ . (det,(z(^\ . . . , 4^^) • - • 1) = 

Yt . (det,(z("\ . . . , Z!^) ■ Xn - y™" . 1) = 

In any i?-valued solution to this system, 

• the values Yi, . . . ,Yn will, because of the first equation, be generators of 
the trivial ideal R, i.e. a principal open cover of Spec(ii) (the values W, 

arc auxiliary), 

• the values z[^\ . . . , Z^*-* define the (at the moment possibly- non-invertible) 
Zariski-local lift of g over the principal open subset Spec(i?yJ, and 

• the last n equations exactly express (by definition of the fraction ring Ry^ ) 
that the determinant of the Zariski-local lift is a unit, i.e. that each Zariski- 
local lift is invertible. 

Since M^^^-* is already known to be a scheme, it is clear that the above system 
of equations can be extended (simply add more variables and the ideal defining 
^weak^) *° eliminate the assumption that g is fixed. Taking I to be the sum of 
all the above ideals in the obvious countably-generated polynomial ring, it is then 
clear that the subfunctor M^'"'"^ C M^^^'' representable (it is the image under 
the forgetful morphism {g,g) i— > g of scheme defined by the ideal /). This proves 
representability, and finite-type is then obvious. □ 

Similarly, define the functor 

Fl^'''''^ : Zp-Algebras — > Sets 

by assigning to each (commutative) Zp-algebra R the set of all 7?.[<:]-linear maps 
g : Wsup(-R) Wsup(-R) such that 

• each. J^i g{{t + p)~^^Vi{R)) satisfies 

{t+pyVi{R) cTiC {t + p)-''Vi{R) 
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• each inclusion y.,/{t + pyVi{R) ^ {t + p)-^'V^{R)/it + pyV.,{R) splits 
i?-linearly 

• the projective rank function Spec(i?) — > N associated to each J-i/{t + 
pYVi{R) is the constant function p i-> + v) 

• there exists a c{g) e R[t\ representing a unit in R[t\/f"'+'"[t+pY+''+'^R[t\ 
such that 

^R{9{x),g{y))^c{9){t+pr+''^^{x,y) 

for all x,y e Wsup(i?) 

• Setting 

do^{t+p)-^'-^0[tY ®{t + p)-^'0[tY-' 



[t+pr'^v: 



t"^+n+l{t+pYO[tY 



^dcf 
•J i — " 



(note that Tq C J-"! C there exists Zariski-locally on Spec(i?) an 

7?.[t]-linear isomorphism 

5: (t+p)-^Vo(i?) 
inducing the restriction g : {t +p)^^Vo(i?) — > J^o such that 
g((i+p)-'^+iV.(i?)) = (i+p)-F, 

and such that 

for all a;,y e (i +p)^^Vo(i?) (by the duality condition ELMlH the ordinary 
product 0^ is well-defined on J^j) 

(the meaning of the last condition is as in the case of M^™-"-)) 

Remark. / am abusing notation by not including m and n in the symbol "Fl ". 

As before, 

— it^,'^) 

Proposition 11.2.2. Fl is a finite-type Zp-scheme. 

Proof. This is nearly identical to the proof for M('"'") (page [50]) . □ 
As before, I may define 

g ^ (5((< +p)-^Vo(i?)), . . .,g{{t+p)-^Vd/2iR))) 
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Remark. As in the case o/ M*^™'"), notice that if ji = v then Fl^^-^^ and Fl 
have an "identity element". 

Define 

pi : M^™'") X Fl^^'''^ — > M^™^") X Fl^''''') 
to be the product of the above morphisms. 

11.3. The convolution scheme. I now define a Zp-scheme Conv^™'"'^''^-' and a 
"twisted action" morphism p2 : M^™^") x Fl^^'"^ — > Conv^™'" The purpose 
of this scheme Conv^™'"'^''^-' is to perform the summation operation that occurs 
in the ordinary convolution of functions in the Iwahori-Hecke algebra. See H13.2I 
(page ESI). 

Definition: The Convolution Scheme. Define the functor 

Conv^™'" : Zp- Algebras Sets 
by assigning to each (commutative) Tip-algebra R the set of all tuples 

{Co, . . . , /Co, ■ • • , 
of TZ[t]-submodules ofV{R) satisfying 

• (/:o,...,/:<i/2) eM('"^")(i?) 

• each ICi satisfies 

{t+pYQcIC, c (i + p)-^A 

• each inclusion ICi/{t + pY Ci ^ {t + p)^^Ci/{t + p)" Ci splits R-linearly 

• the projective rank function Spec(i?) —5- N associated to each 

icjit + pyc, 

is the constant function p i— > + v) 

(note that the previous property implies R-projectivity) 

• JCq is self-dual with respect to f"'~^^(t-\-p)f^^'^(j)ii and lCd/2 is self-dual with 
respect to + 

(the 4> used here has domain V xV) 

(The duality occurring here is similar to the one occurring in ELlViS] it is 
required that /Cq be exactly the elements x G V{R) such that 

0i?(/Co,a;) c^"-"(^ + p)''-'^7^[^] 

and similarly for lCd/2-) 
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Similar to M^™'") (see SS3](page[32l)), this Conv'"^"'^''') is a closed subscheme 
of a product of (ordinary) Grassmannians. In particular, 

Conv^™'"-'^''') ^Spec(Zp) 

is proper. 
Define 

P2 : M(™'") X Fl^^'"'^ Conv^'"'"'^-'') 
by _ 

(these images of g and h are technically submodules of yVsup(^), but as usual I 
replace them by their corresponding submodules of V(i?)). 

To verify that the codomain of this morphism really is correct, note that the 
1st coordinate is simply the previously verified action morphism M'-™'"-' — ?> M'-™'"-' 
and that by definition of h, 

(22) (t + p)''i-"V,(i?) c h{t-"'it+p)-''V.,{R)) c {t+p)-H-"'V^iR) 
and this chain is transformed by g to the chain 

(23) {t+prC.Cgihit-'^it+py^V.iR))) c {t+p)-''C, 

Finally, I define a Zp-scheme p(™'";''''^) essentially as a target for the 2nd 
projection from Conv'^™'"'''''^^: 

Definition: The Convolution Base. Define the functor 
p(m,n;M,<^) . Zp-Algcbras — > Sets 

by assigning to each (commutative) Tip-algebra R the set of all tuples (ICq, . . . , 
of TZ[t]- submodules ofV{R) satisfying 

• each ICi satisfies 

r{t+prv,iR) c /C, C i-™(i + p)-''V.(i?) 

• each inclusion /C,/t"(t + p)''V^(i?) ^ t-'''{t+p)-^'V^{R)/V\t+pYVi{R) 
splits R-linearly 

• the projective rank function Spec(i?) — > N associated to each 

ic,/t"{t+prv,{R) 

is the constant function p 1— > (m + n + /i + u)d 

( the rank here is bigger than the rank in the definition of the convolution 
scheme because the quotient here is also bigger) 
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• /Co is self-dual with respect to t™ "(t + '^(pR and ICd/2 is self-dual with 
respect to + 

(The duality occurring here is similar to the one occurring in ELlVfS] it is 
required that /Cq be exactly the elements x G V(i?) such that 

and similarly for ICd/2-) 

Remark. Notice that if = v then M^™'") C iA-'A").. all the conditions are 

obviously satisfied except possibly the rank condition, which is true because, Zariski- 
locally on Spec(i?), 

rankfl(A/<"(i +p)''Vi(i?)) = {m + n)d + 2vd = {m + n)d+ {fj. + iy)d. 

— ^(m.m) — I ) 

This is related to the "identity element" 1 e Fl ; if g G M^™'"-* maps to 

{Co, Cd/2) e M("'"), then considered as an element o/P(™.";m,m)^ 

{Co, . . .,Cd/2) = m{p2{g, 1)). 

Similar to M^"^") (see ilO (pagelHT])). this p(™^»;M:'') a closed subscheme 
of a product of (ordinary) Grassmannians. In particular, p(™>";Ai>'^) Spec(Zp) is 
proper. 

Define 

by 

(£0, • ■ • , Cd/2',)^0, ■ ■ ■ , ^d/2) ' — > (/Co, • ■ • , lCd/2) 
The verification that this function has codomain p(™'";A'''') is very easy: the duality 
condition is identical for both schemes, the containment relations are verified by 
concatenating the containment relations satisfied by the Ci (i.e. EL]V(2|) onto those 
satisfied by the ICi, and it is easy to see that the rank condition is then satisfied. 

The morphism m is automatically proper due to the fact that the domain and 
codomain are proper schemes. 

11.4. Convolution diagram construction. Combining all the above objects and 
morphisms gives, at long last, the convolution diagram: 

]yj(m,n) ^ ^ y^(m,n) ^ J^J*^^"^^ CoUV^™'" ' p(m,nut,i') 
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11.5. The "reversed" convolution diagram. I now construct a "reversed" con- 
volution diagram, which is used to construct a "reversed" convolution product prod- 
uct (see the end of ^13.11 (page [5^ . The statement that the convolution product 
of two particular functions is commutative is equivalent to the statement that the 
convolution product and reversed convolution product of the corresponding sheaf 
complexes are equal. 

Definition: The Reversed Convolution Scheme. Fix m, G N. Define 

the functor 

"■"^Conv^^''^''"'") : Zp-Algebras Sets 
by assigning to each (commutative) Xp-algebra R the set of all tuples 

{Co, . . . , Cd/2', A^o, ■ • • , 
of TZ[t]-submodules ofV{R) satisfying 

. (/Co,...,/Cd/2) eFl(^''^)(i?) 

• each Ci satisfies 

t^lCi d Ci d t ^ICi 

• each inclusion Ci/V^fCi ^ t^"^ICi/t"'ICi splits R-linearly 

• the projective rank function Spec(-R) — t- N associated to each d/t^lCi is 
the constant function p 1-^ d{m + n) 

• Co is self-dual with respect to + p)^^'^'/'/?, and self-dual with 



respect to t"^ "'{t + p) 



'R 



( the (j) used here has domain V x V j 
I define a morphism 

™'^m • ''"^Conv^'^''^''"'"^ > ■p{in,n;ii,u) 

as in the non-reversed case by 

(£0, • • • , Cd/2] K-Oi . ■ . , /Cd/2) ' — > {Co, ■ ■ ■ , Cd/2) 

(just as for m, it is easy to verify that this function has codomain p(™'"'A',!^)), Note 
that the codomain of m and "''''^m are identical. 

I define a morphism 

as in the non-reversed case by 

{9,h)>^{g{{t+p)-'^V.{R))til ; 9{h{t-"'{t+p)-''Vm))til) 
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(notice that the 1st coordinate of '^''^P2 is just Fl — Yv^'"' from before) 

Substituting the new convolution object and niorphisnis yields a "reversed" 
convolution diagram: 

12. Properties of the convolution diagram 

Recall that for a point {Co, . . . , £d/2; ICo, ■ ■ ■ , ICd/2) e Conv^"'" (i?) it is 
not the case that the tuple {ICq, . . . , is a point of Fl'-^'^^R) (indeed, that is 

the whole point). However, 

Lemma 12.0.1. Let R be a local (commutative) Zp-algebra. If 
(Co,..., . . . , lCd/2) e Conv("^"^''^'')(i?) 

and 

g e M("'")(i?) 

lis such that 

M(™'")(i?) ^M('"^")(i?) 

g ' — > i^o, • ■ • , ^d/2) 

then there exists a 

(-^o,...^<i/2)eFl(^'^)(i?) 

such that g{J'i) = fCi for all i. 

Remark. The point of this lemma is roughly that given g G M('">")^ one can revert 
\2S\] hack to i2S^) (page \64^ , even though an "h " may not exist. This is useful for 
deriving statements about p2 from similar statements about pi . 

Proof. By definition, 

{t+prc,cic, c (i+p)-^A 

Quotient by t"^^'^(t +p)'^+''+^£o (so that the leftmost and rightmost modules in- 
volve Ci, in the sense of M*^™'"^), apply g~^ (since R is assumed local, g exists 
globally on Spec(i?)), scale by t"\ and quotient by t"{t +p)'^TZ[t]'^ to get a module 
Ti satisfying 

(24) it+p)''V^iR) cTr C it+p^^'V^{R) 

Because g induces g, it is true that g{J'i) = ICi. 

Recall the conditions for membership in Fl^'^'"-' (i?). The containments ([Ml) are 
one of those conditions. Because /Co C ■ • ■ C ICd/2, it is also true that To C ■ ■ ■ C 
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J-'rf/2. The projcctivity condition and rank condition are satisfied because g is an 
isomorphism and because of the similar properties of (/Cqi ■ ■ • : The duahty 

condition is not totally obvious, but follows from the similitude property of 5 and 
the similar duality property (pagelS?!) of (/Co, . . . , /Crf/2): 

= f"-"c(g)-Vfl(/Co,/Co) 

so 

etc. □ 

The following is the analogue of Lemma 19 from |HN02] : 

Proposition 12.0.2. The morphisms pi and p2 are smooth and for any Tip-field 
K, the functions pi{K) and p2{K) are surjective. 



Proof. Smoothness To prove that M(™'") mC™,") ig smooth, I must show that 
for 

• a (commutative) Zp-algebra R 

• a nilpotent ideal I C R 

. (/:o,...,/:d/2)eM("'")(i?) 

• gR/i G M("^")(i?//) such that 

fffl//(i""V.(i?//)) = A (g,B. (R/I) 
for each < i < d/2 

there exists a gu^ G M('"'")(i?) such that gR{t-"'Vi{R)) = Z, for each < i < d/2 
and gii ^ g^/i under M(™^")(i?) ^ M('"'")(i?//). By the proof of Corollary 4.5 
in Chapter 1 §4 of [DG80] . I may assume that R is local, in which case ^Jr/i exists 
globally on Spec(i?). 

Some notation. Set 

s =^ 7^[^]/^"+"(^ + pY+^+^nit] 

and let It be the extension in S of the ideal /. I use Ci,ji and Ci^R/i refer to £i and 
-Ci ®R {R/I), and so on. Let j : 5 — > 5 be the involution induced by the non-trivial 
element of Gal(i^/Qp). 

First, a partial result: 
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Lemma 12.0.3. With R, I , {Co, ■ . ■ , Cd/2)T 9^/1 o.'^^d the notation as above, Co is 
free over S and the hermitian form Co x Co ^ S induced by is perfect. 

Note that these assertions are not automatic because it is not known a priori 
that {Co, . . . ,Cdi-2) is the image of some qr. 

Proof. After normahzation, I can assume that the domain of g is {S/XtY^. Let 
vi,...,Vd be arbitrary hfts to Co of the basis g(ei), . . . ,5(6^). By Nakayama's 
lemma, vi,. . . ,Vd generates Co. Let 

(25) — > K — vS"^ — > Co,R — > 

be the presentation so defined. Since Co,r is i?-projective by ELM51 (page [57)1 . and 
since the kernel of £o,i?, ^OM. is identified i?-linearly with t^"^{t-^p)^^^Vo{R) / Co.Ri 
which is also i?-projective by EL]V(5l it follows that Co.r is i?-projective. So ((25)) 
splits and 

(26) Q^K®rR/I ^ 5^ ®a R/I — ^ Co,r ®r Rjl 

is still exact. The middle module is just {S/ItY and, again by i?-projectivity of 
Co^R, the rightmost module is just Cq^r/i. This means that the presentation (j26p is 
just the one given by the isomorphism ])r/i, which means K ®r R/ I = K/ IK — 0. 
By Nakayama's lemma (note that K is finitely-generated by the splitting of (|25l) '). 
K = and so the lift S"^ — > Co,r of 'qr/i is an isomorphism. 

For perfection, recall that the form is perfect if and only if the associated adjoint 
map 

(27) £o,fl — > Hom5_ii„(£o,i?,,'5) 

is surjective. By definition oiTjji/j, the corresponding form modulo / is perfect, i.e. 
the adjoint map 

^0,R/I > Hom(5/Xj)_iin(/^o,fl/7,'5/2't) 

is surjective. Since £o,i? is a free iS-module and Cq^r/j = Co.r (E)r R/I, 

Hom(5/i^)_iin(Zo,H//,5/Xf) = Roms-iin{CQ,R,S) 'g)R R/I 

(this is the trivial case of "Localization of honi-sets" ) so Nakayama's lemma implies 
that (|27p must also be surjective. □ 

I return to the proof of Proposition 112.0.^ Let 

Wi,...,Wd^ Co,R/I 
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be the images (necessarily a basis) under gn/i of the standard basis. Let 

vi,...,vd e Co,R 

be lifts of wi , . . . , twrf such that {t-\-p)vi G {t+p)Ci^ii (this is possible because of the 
hypotheses on Tj). By Lemma 112.0.31 wi, . . . , is a basis of £o,-R- The normalized 
hermitian form : £o x -Co — > 7?.[t] descends to £o,i? x i^o.R and takes values 

in S. By Lemma [12.0.31 again, it is perfect. 

Now that I have the basic ingredients of freeness and perfection, I can use the 
same method used to prove that J^™'") Spec(Zp) was smooth (page[Tf|. 

Let c e 5 be any representative of c{gji/j). Set 

Cn/j'^'t"^+-{t+pr+M9R/i) 

and 

Since 

(t>R/lim,Wj) = Cji/jSi^d+l-j = (f'R/liWi^Wj) 

there are Xij € It such that 

(28) 4>R[vi,Vj) = Cfl^(5.j,d+i-i + = (j)ii{vi,Vj) 

For each i, use freeness to define an 5-linear functional 

fi ■ ^o,R. — > S 

by fi{vj) = —-^Xi^j. Using perfection, there is an fhi G Cq.r such that 

Let Vi and rrii be the images of Si and rhi in Cq. Automatically, 6 IfWsup(i?) 
(since im(/i) C TtS). It is automatic from definition that Xj^i — ]{xi_j) so 

(1>r{ui + fhi,Vj + frij) = CR5i^d+i-] = <i>R{vi + mi,Vj + rrij) 

I must verify that {t + p)mi G (t + p)Ci for each i. The proof will then be finished 
by defining gR and qr to be the maps sending the respective standard bases to 
{vi + rhi} and {t^^^+^H'^i + '7^^)}. 

Since wi, . . . , Vi, {t+p)vi+i, . . . , {t+p)vd generates {t+p)Ci for each i, and since 
ELMS] implies that 

£,^{x eWsup{R) I (/.i?(x,Zd-0 cr-™(t + p)5}, 
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it suffices to show that 

(I)r{vi, {t + p)m,), (j)R{vd^,, {t+p)mi) £ t"-'"(t + pfS 

Note that the containments for (j)R{{t +p)vj,{t + p)mi) are automatic since the 
defining relation (|28)) implies that Xij, and therefore (t)ii{vj, rrii), belongs to t^~'^S. 

Since I < j < d — i implies that i+ j ^ (i+ 1, the defining equality p8| implies 

that 



(l)ii{vj,mi) = -~-(t>R{vj,Vi) j = l,...,d-i 



1 

2' 

It is now automatic from the above duality that 4>R{vj,mi) satisfies the necessary 
condition. 

'(Mi^) I \ 

The proof that Fl — 'PV-^''^' is smooth is nearly identical. 

Using Lemma 112.0.11 (recall that R is assumed local) , smoothness of p2 is es- 
sentially a formal consequence of smoothness of the individual factors of pi. Let R 
be a (commutative) Z^-algebra and / C i? a nilpotcnt ideal. I must show that for 
all 

. (£o, . . . /:d/2; /Co, . . . 1Cd/2) e Conv(™'"^'^''')(i?) 
• {9B./i,hR/i) e M("'")(i?//) X Fl^^^'^^i?//) 

satisfying 

9R./i{~) = A <S)rR/I 
9BJi{hR/i{-)) =lCi ®rR/I 

there exists (g^, Hr) G M(™'")(i?) x Fl'^'^^i?) such that 

fffl(-) = A 
9R{hR{-)) = K.i 

and {gR,hR) i-^ {9R/i,hR/i). 

Invoke smoothness of M^"'") M^™'") with the data {R,I,gR/j,{Ci)} to 
get gfl. Let (J^), • ■ • ,J'd/2) G Fl^'''''''(i?) be the point guaranteed by Lemma [12.0. II 
fpage [67| . Invoke smoothness of Fl^^'"'' ^ Fl^'^'"^ with the data {R, I, Hr/i, {Fi)} 
to get Hr. By Lemma ri2.0.1[ 

gR{hR{t-'^{t+p)-^'V,{R)))^^^ 
so this pair [gR, Hr) satisfies the requirements. 



Surjectivity I now prove that ]V[("''"^(iir) M(™^"'(i4r) is surjective for any 



Zp-field K. Suppose first that char(i^) = p. Choose (£0, • • • , Cd/2) e M^™'") (i^) 



72 



SEAN ROSTAMI 



and let {J-i)iez be the corresponding point of Ti^ (if). By AF \T3] (page [39]) . each 
J^i is a rank d free iir[[i]]-subniodule of K{{t)Y. On the other hand, each scaled 
hermitian form 

is perfect: Since if[[i]] is a local principal-ideal-domain, there is a basis /i, . . . , of 
K{{t)Y and ni, . . . , G N such that t^^fi,..., t""^ fd is a basis for J^^. This implies 
that any functional Fi — ?► K^t\\ extends to a functional K{{t))'^ K{{t)). This 
latter functional must be evaluation at some x € K{{t))'^ (the form is obviously 
perfect on the vector space K{{t))''-), and the self-duality AFVlSl (page [39]) forces 

By Proposition A. 43 ("every polarized chain is Zariski-locally isomorphic to 
the trivial polarized chain") on page 166 of |RZ95j (recall that K[[t]] is already a 
local ring), there are mutually compatible if [[i]] -linear isomorphisms 

such that 

t"^--+'^K{g.{x),g..{y)) = t''^+'^K{x,y) 
for all x,y in the domain of gi. Each gi sends if [[t]]'' into f^Ti, so I have 

(29) <-("+i)if [[i]]' © t-"'K[[t]Y''/e+^'+''+^K[[t\Y — ^ 

Counting if-dimensions shows that (j29p is a if [[i]]-linear isomorphism. As usual, 
notice that the domain is canonically identified with i^™Vi(if )/t"+^+''+^if [t]"* and 
the codomain with Ci (recall the notation for M^™'"^). Isomorphism ((29|) induces 

t^("+i)if[[i]]' ©t-"if [[t]]'^-Vi"+''if[[i]]'' — ^ 7-^/i"+'^if[[i]]'' 

The compatible family of these maps t^™Vi(if ) — > >Ci can obviously be lifted to a 
single if [t]-linear map g : Wsup(if) — > VVsup(if)- The isomorphisms ([^ supply 
the necessary lift g so g & M(™'"'(if ) and g (£o, • • ■ , C^dj-i)- 

The proof that Fl^^'"'' (if ) Fl(^^'')(if) is surjective is nearly identical. This 
proves surjectivity for pi{K). 

Using Lemma ri2.0.1l (note that if is local), surjectivity of P2{K) is essentially 
a formal consequence of the surjectivity of the individual factors of pi(A'). For 

iCo,...Ca/2;ICo,...ICd/2)e Conv("'" ^ ( A) , 

invoke surjectivity of M(™'"'(A) M("'")(A) to get g, use Lemma [T2HI] (page 
Mi to get ( Jo, ■ • ■ -7^d/2) e Fl'^''^' (A), and use surjectivity of Fl*^'"^ (A) ^ Fl*'''") (A) 
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to get h. It follows that that 

P2(g, h) = {Cq,... Cd/2; ICq,... ICd/2)- 

If cha.r{K) = then use the Chinese remamder theorem as in the proof of 
Lemma 112.2.11 (page [74]) to decompose all relevant rings and modules so that in 
each factor/summand, the relevant quotient involves either a power of (t) or a 
power of {t + p), but not both. In each situation, the above proof applies (the 
importance of characteristic p in the above proof is only that the quotients are 
modulo a power of a single prime ideal). □ 



Remark. Applications: 

• Smoothness of pi is used in ^13. 1\ (page\SB^ and in the proof of Lemma 23 
in IHN02| (which I invoke). 

• Smoothness of p2 is used in the proof of Lemma 21 in [HN02j (paae W^ here) 
and in the proof of Lemma 23 in [HN02] (which I invoke). 

• The surjectivity statement for pi is not used. 

• The .surjectivity statement for p2 implies that the underlying map of topo- 
logical spaces is surjective, which is used to satisfy the hypotheses of Lemma 
21 in |HN02] (page\Mhere). 



12.1. The special fiber of the convolution diagram. Two obvious but impor- 
tant simplifications occur over Fp in the convolution diagram. 

First, if (m, n) = (^, v) then the definitions of M^'"'") and Fl^™'") are equal 
modulo p, i.e. 



Similarly, 



Second, for any m,n, 11,^ it is immediate by looking at the definition that 

— r 

r p r p 



These observations are important for understanding why the convolution prod- 
uct of sheaf complexes (not yet defined) induces the convolution product of func- 
tions. 
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12.2. The generic fiber of the convolution diagram. The following result (an 
almost identical copy of Lemma 24 from |HN02j ) is unique to the generic fiber, 
because of the fact that (t) and (t + p) are comaximal in Qp [t] and therefore the 
Chinese remainder theorem can be applied. 

Lemma 12.2.1. The extended morphisms rriQ^ and'^'^^niQ^ are isomorphisms, and 
there are isomorphisms i^^'^^i such that the square formed by these 4 morphisms is 
commutative: 

"""i t O I TO 



(I mean the non-trivial commutativity you get by allowing these morphisms to be 
inverted) 



Proof. Because the ideals (i) and (t+p) are comaximal in F[t], the Chinese remain- 
der theorem implies that the F[t]-module Wsup(Qp) can be written as the direct 
sum 

— t-"'F[t]'^ {t + p)-^'-^F[t]'^ 

(30) WsuAQp) = ^np^tyi ® ^t+prF[t]d 

Similarly decompose each V,;(Qp) into 

V,(Qp)-vf (Qp)©vf+'\Qp) 
Let i? be a (commutative) Qp-algebra. Talce 

(£0, . . . , /Co, ... , JCd/2) e Conv('"'"'^''')(i?). 
Denote by d and Id the images in yVsup(^). In particular, 

(31) rv.(i?) c£, Ct-"V,(i?) 

(32) (t+p)"A c:^, c (i+p)-^A 



Decompose each 



Since the images under the 2nd projection from ([50)1 of t^Vi{R) is the same, always 
equal to ((< + p)^^Ti[t\/Ti[t\y , regardless of fc G Z, the inclusions in (|3T|) force 

(33) sr^^ = vr^'^i?) 
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Similarly, applying the 1st projection of from (pOj) to the inclusions in ([32l) shows 
that 

(34) tP^tf' 
In other words, the function 

Wfl(£o, • ■ • , ^0, ■ • • , = (^07 • • ■ 7 

is injective. Conversely, for any (/Co, • • • , )^d/2) G p(™.";M,'')(^)^ defining (Cq, . . . , Cd/2) 
by ([55]) and ([M]) yields a point of Conv''™'"'^'''''(i?). So is an isomorphism for 
any (commutative) Qp-algebra i?. 

Take (£0, ■ • • , ^0, • • ■ , /C^/a) e Conv("'"'^''')(i?). Using the preceding 
argument, write (/Co, • • • , as 

l-^O ty/Vo T ■ ■ ^ '-'d/2 ^ '^d/2 I 

I claim that the chain /cj*^^^ (i.e. discarding the 1st summand from each JCi) is an 
element of Fl''^''^'' {R). This is clear by applying the 2nd projection from (pO|) to the 
inclusions in (132^ and then using the equality in p3p (this shows that /c/^^^ has 
the necessary bounds, and the other properties are automatic from the definitions). 

I claim that the function 

iR : Conv(™'"'^''^)(i?) M("^")(i?) x Y\^^''''\R) 

(£0, • ■ • ,£d/2; ^0, ■ • ■ , K.d/2) ^ > \ ■ • ■ , -^1/2), (^0 ■ • ■ , ^d/2^^)) 

is a bijection. Injectivity is obvious because the discarded summand C^*"^ in K-i is 
not truly discarded by i: it is retained by the 1st coordinate. Surjectivity is also 
obvious for the same reason: for any ((£,), (J",)) ^ M(™^")(i?) x Fl^^'^^^R), simply 
supply the respective missing summands ^^"^ (i?) and £^ "* . 

The proof for '^"'^ttiq^ and is nearly identical, and the fact that the square 
commutes is then obvious. □ 



12.3. An automorphism group for the convolution diagram. I also need a 
Zp-group that acts on both M^™-") and Fl^^''''' and factors through both 

j{m,n) Iw''^''^-'. The definition is a straightforward enlargement of the definition 
of plus a lifting condition: define the functor 

j(m,n;M,<^) . Zp-Algcbras Sets 

by assigning to each (commutative) Zp-algebra R the set of all 7?,[i]-linear automor- 
phisms 7 of Wsup(-R) satisfying: 



76 



SEAN ROSTAMI 



• 7(Vj(i?)) = V^{R) for all i 

• there exists a wni^ c{g) G i?[i]/t"'+"(t + such that 

^i?X7(a;),7(2/)) = c{g)lfj^{x,y) 
for all x,y G Wsup(i?). 

• 7 is induced Zariski-locally on Spec(i?) by some 7^[t]-linear automorphism 
7 of 

(35) <-'"(i + p)-^-l7^[^] + p)"+''7^M'^ 

(of which Wsup(^) is a quotient) 
(the meaning of "Zariski-locally" in the last condition is as in M^™'")) 

Notice that any 7 e j(™'";a'^'^)(/j) restricts and descends from Wsup(-R) to 
7?,[i]-linear automorphisms 7v of Vsup(-R) and of Usup{R)- It is clear that these 
induced automorphisms 7v,7w are similitudes for the appropriate forms (fi^, and 
the multiplier 0(7) specified from (i?) is also appropriate, so 7 f-^- 7v and 

1 ^ lu define morphisms 

j(m,n;/^,z^) ^ j{m,7i) 

j(m,n;p,iy) ^ Iw'^'"^^ 

of Zp-group schemes. 

Remark. The purpose of this group is to express equivariance properties of sheaves 
uniformly regardless of which object in the convolution diagram supports the sheaves. 

By the exact same process used in i)9.5l (Dage [5T|) to define I(Fp[[t]]) ^ j('"'")(Fp), 
one has a group homomorphism 

X(Fp[M]) ^ j(™^"^''^'')(Fp) 

(note that the existence of "7" is trivial) such that the composition 

I{Fp[[t]]) ^ j(™^"'^^'')(Fp) ~> j(™^")(Fp) 

is exactly the group homomorphism from ij9.5l 

To define the convolution product, I will need two group actions of 

on 

M^™'") X Fl 
one tailored to pi and one tailored to p2 ■ 
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Take g e M^"'") (i?). Since any 7 e ig a similitude of Wsup(i?) 

and stabilizes all Vi, it is clear that (707 satisfies all the conditions of M'^™'"'(i?) 
except possibly the lifting property (the existence of a certain "(fo^"). For this, 
note that 

is a subquotient of the domain of 7, and define the desired lift of g o 7 by composing 
5 with the automorphism induced by 7 on that subquotient. By a nearly identical 
argument, /i o 7 g Fl^'''''\i?) for any /i G Fl'^'^'^i?) and 7 e 

I define the 1st action ai by the rule 

aih,m9^h) =^ (go 7-1, /i 077-!) 

Because elements j('">";a',i^) stabilize all Vi, this action stabilizes pi-fibers. 

I define the 2nd action a2 by the rule 

0^2(1, m 9, h) '^^ (go -1^^,-1 oho -q^^) 

This action stabilizes p2-fibers for the same reason, since the 2nd coordinate of p2 
uses (5 o 7""'^) o (7 o /i o rj^^) — g o h o r/^^. 

Proposition 12.3.1. is a finite-type Tip-scheme. 

Proof. The proof is nearly identical (in fact easier since the codomain of the Zariski- 
local lifts is not varying) to that given for M^™'") (page|60l). □ 

12.4. The automorphism group is smooth. 
Proposition 12.4.1. ^ Spec(Zp) is smooth. 

Proof. Let J^ak Zp-group scheme defined using only the 1st and 2nd 

conditions (i.e. excluding the Zariski- local lifting condition). It is obvious that 
■'weak '^ is finite- type, so to show that J^ak smooth, it suffices to verify 

the infinitesimal lifting property (formal smoothness), and for this, the proof that 
j{in,n) _^ Spec(Zp) is smooth, Proposition l9.2.2l (page lTfl) . works almost verbatim: 
for a (commutative) Zp-algebra R and an ideal I C R satisfying = 0, simply use 

• M:=Wsup(i?) 

• S := R[t]/t"'+'''{t + pY+^+^Rit] 

• to be the product on Wsup 

• continue to use a := [t + p) 
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and define all ideals and submodules as before using the new objects just listed. This 
proves that J^^ak ''''''' ^ Spec(Zp) is smooth. By Proposition [12A1J ig 
finite-type, so it again suffices to verify the infinitesimal lifting property. Suppose 

^^^^ ^ j(m,„;^,.)(^/^) 

Since C jL^ak'^^'^'li?//), smoothness implies that there is 

such that 7fl n- 7^//. By the proof of Corollary 4.5 in Chapter 1 §4 of [DGSOj . I 
may assume that R is locals in which case, to show that in fact ^b. S J*^™'"''^''^'(i?), I 
must show the existence oi^R globally on Spec(i?). Let be an arbitrary lift of 7^ 
to an 7^[^]-linear endomorphism of t-™(i +p)-^-l7^[^]''/^"+"(^ +p)^+''7^[^]'^. Since 
7fl// € J'™^"'^^'''(i?//) (note that 7^// exists globally on Spec(i?)), Nakayama's 
lemma implies that 77?// is surjective, and since the domain and codomain arc the 
same rank d free module, "Linear independence of minimal generating sets" then 
implies that 7^/7 is an automorphism. □ 

12.5. Properties of the actions on the convolution diagram. The following 
is the analogue of Lemma 20 from [HN02| : 

Proposition 12.5.1. The action ai (resp. 02) is transitive on the fibers of pi 
(resp. P2) over K-points for any Zp-field K. The stabilizer subscheme under the 
actional (resp. of any K -point is smooth for any Tip- field K . If K is separably- 
closed, then the stabilizer subscheme under the action oi\ (resp. 02) of a K -point 

— '/ \ — it^''^) 
ofM^™'"' X Fl is also connected. 

For the 1st coordinate of the action ai, the stabilizers in question are defined 
as follows: for any Zp-algebra A, choose g £ M(™'"^(v4) and define 

Stabg : A- Algebras — > Groups 

to be the functor assigning to any A-algebra R the subgroup of all 7 e '• t^'^) (i?) 

such that gRO^~^ = gn, where g^ is the image of g under M('"'")(yl) ^> M('"'")(i?). 
The stabilizers used for the 2nd coordinate of ai and the action a2 have similar 
definitions. 



Proof. Transitivity I now show that for any Zp-field K, the action by ; t^''^) (^K) 
is transitive on fibers of M(™'")(is:) ^ M(™'")(ii:). Suppose g,he M("''")(i^) are 
in the same fiber. Since K is local, the isomorphisms 5 and h exist globally on 
Spec(i4'), and both have the same codomain so o ^ is a i4r[<]-linear automor- 
phism of 

t-"'K[t]'^/t"{t+p)''+''K[tf 
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Let 7 be an arbitrary iir[<]-linear endomorphism of 

t-'^{t+p)-^'-^K[tY/t'^+'^{t + pY+^'KitY 

inducing h^^ o Tj. Since o is injcctivc, 7 is also injective, and since 7 is in 
particular a _ftr-linear operator on a finite-dimensional i^-vector space, it is a K[t]- 
linear automorphism. This 7 induces a iir[t]-linear automorphism of the quotient 
Wsup(^) and by construction, 507"^ = h. It is obvious that 7 stabilizes the chain 
'Vi{K) from the fact that g,h are in the same fiber, so to show 7 G ^ (JC), 
I must only verify the similitude condition: 

^Mvlli'^)) = c{h)-H-^"'+^^c{9)t^+^4>K{vM = c{h)-'c{9)Mv,w) 

i.e. c(7) = c{h)-^c{g). 

A nearly identical proof shows that ) is transitive on fibers of 

Fl^'''''^^!:) Fl'^^'^^K). This proves the statement for ai and pi. 

The proof for a2 and p2 is a formal consequence. If 

(5i,<?2), (fti,/i2) e M(™'")(i^) X Fl'^''\i^) 

are such that 

P2{9l,92) =P2{hl,h2) 

then I need 

(7,7?) € j(™>";''>^)(ii:) X 

such that 

91 °7~^ = hi 
7 ° 52 o ??~^ = h2 

Use the previously-proved transitivity of J^™'"''*''^^(ii') on fibers of 

to get 7 e such that 

5i 07"^ = hi. 

Then form 7"^ o /12 G Fl^^' ''(-f^) and use the previously-proved transitivity of 
j(m,n;ix,,^)^jf^^ on fibers of 

Fl^^'^^i^:) ^Fl('''")(i^) 
to get 77 e J(™'" (ii-) such that 

92 V~^ =7-^ o/i2- 



80 



SEAN ROSTAMI 



Connectedness I now show that for any separably-closed Zp-field K, the sta- 
bilizer subscheme (a X-scheme) in of an element of M^'"^"^ (X) is con- 
nected. First assume that char(i4r) = p and set N m + n + jj. + ly + 1. Fix 
g g M(™'")(if) and define 

Tg : ii'- Algebras — > Sets 

to be the functor assigning to any (commutative) if-algebra R the set of all 
i?[[t]]-linear maps ~^ R[[t]]^ that induce gn after identifying yVsup(^) = 

R[t]'^ / R[t]'^ . Any h G Tg{R) can be written as a d x d matrix with entries in 
The requirement that h induce gn simply specifies the first N terms of each 
entry, and there are no requirements whatsoever on the remaining terms. This 
means that Tg is affine space over K with countable dimension. 

Let _R be a local (commutative) if -algebra with maximal ideal m. Let h G Tg{R) 
be arbitrary and consider it as an i?((t))-linear map ^((t)) : R{{t)y — ?• R{{t)y. I 
claim that is invertible. By ELM21 (page 155)) . there is some k < N such that 

im(5fl) contains the submodule t'^ Rlt]"^ / R[t]'^ . Since R[[t]] is local with maximal 
ideal (= Jacobson radical) m + (t), and since h induces gu, Nakayama's lemma 
implies that im{h) contains the submodule Since i is a unit in R{{t)), 

must be surjective. By "Linear Independence of Minimal Generating Sets" , 
it is invertible. 

For any h,k ^ Tg{R), consider the i?((t))-linear map 7 =^ '*((t))°^((t))- The fact 
that both h and k induce gn implies that 7 stabilizes The same is true for 

the reversed composition fej^j)) ° ^((t)) so 7 restricts to a _R[[t]]-linear automorphism 
of It therefore induces an _R[t]-linear automorphism 7 of yV'sup(-R) and by 

construction 7 G Stabg(i?) (in particular, 0(7) ~ 1). 

Altogether, for any local (commutative) if-algebra R, I have the function 

TgiR) X Tg{R) Stabg(i?) 
{h,k)^^ 

which is obviously functorial whenever it can be. It is easy to see that each of 
these functions is surjective: for any 7 G Stabg(i?), let h,k : R[[t\f be 
arbitrary lifts of gR,gR o 7 g M(™^"^(i?) (recall from the beginning of this section 
that acts on the right of M^"^")) so by definition /i, fc G Tg{R) and 

{h,k) h-> 7. 

Now, assume that K is separably-closed. It then sufiices to show that Stabg(if) 
is a connected algebraic variety (recall that such a stabilizer is a closed subscheme 
of which itself is a locally-closed subscheme of finite-dimensional affine 
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space by the same argument used in Lemma [9 . 1 . 1 1 (page l45l) ) . But by the surjection 
from the previous paragraph, this is true. 

This proves connectivity for the 1st coordinate of the action ai. The proof for 
the 2nd coordinate is nearly identical. 

The proof for the Q;2-action is essentially a formal consequence. By definition, 
(7,77) e X fixes {g,h) e M(™'")(iC) xFl^^^''\iC) under 

the a2 action if and only if 

rj o ho "f^^ — h 
so define Tg and Th as before and define 

rg{K) X rg{K) X ThiK) X Th{K) a2-St&h(g^h){K) 

(51,52:^1,^2)' >{g2^ogi ; /l2 o (52^1 o gi) o /i-l) 

(some notation, similar to the proof for ai, is suppressed here: on the right, 
means as X((i))-linear automorphisms and the resulting maps are really those 
induced on WsM-p{K)). 

As before, the domain is the set of if-points of affine space of countable dimen- 
sion and the function is a surjection: for 7,77 £ Q!2-Stab(g ;j)(ii') take 

31, 52, hi, h2 : K[[t\f ^ K[[t]Y 

to be arbitrary lifts of 

(707, g, r]~^oho^, h 

If char(ii') = then use the Chinese remainder theorem as in the proof of 
Lemma fl2.2.1l fDage[74 | to decompose all relevant rings and modules so that in each 
factor/summand, the relevant quotient involves either a power of (t) or a power of 
{t + p), but not both. In each situation, the above connectivity proof applies (the 
importance of characteristic p in the above proof is only that the quotients are 
modulo a power of a single prime ideal). 



Smoothness I now show that for any Zp-field K , the stabilizer subscheme in 
Jifn,n■,^,M) j^j^ element of M(™'")(iv:) is a smooth i^T-scheme. Fix g e M'-"'^-"'\K). 
By Proposition 1 11. 2. T] (page [SO]) . M^™'") is finite-type, so Stabg is also finite-type 
and it suffices to verify the infinitesimal lifting property (formal smoothness) for 
Stabg Spec(iir). Let i? be a X-algebra and / C i? a nilpotent ideal. By the 
proof of Corollary 4.5 in Chapter 1 §4 of |DG80] . I may assume that R is local. In 
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that case, there is the commutative square 

Tg{R) xTg{R) ^ Stabg(i?) 

i o ; 

Tg{R/I) xTgiR/I) Stabg(i?//) 

From the connectedness proof, both horizontal arrows are surjections. Since Tg 
is affine space over K with countable dimension, it obviously has the infinitesi- 
mal lifting property, so the left vertical arrow is a surjection. This means that 
Stabg(i?) — > Stabg(_R//) must be surjective. 

This proves smoothness for the 1st coordinate of the ai action. The proof for 
the 2nd coordinate is nearly identical. The proof for the a2 action is essentially a 
formal consequence. □ 

Remark. Applications: 

• The transitivity statement for ai is used in mS.ll (vaae[E^). 

• The transitivity statement for a2 is used in the proof of Lemma 21 of [HN02] 
(page\8^ here). 

• The connectivity statement for ai is not used. 

• The connectivity statement for a2 is used in the proof of Lemma 21 of 
pffl2] (page\Mhere). 

• The smoothness statement for ai is not used. 

• The smoothness statement for 0:2 is used in the proof of Lemma 21 of |HN02] 
(page here). 

All of this section's results involving p2 and m are also true of '^°^P2 and '"'^m: 

• '^''^P2 is smooth 

• ^^^P2{K) is surjective for any Zp-field K 

• the action via a2 stabilizes fibers of '°^P2, and is transitive on fibers over 
if-points for any Zp-field K 

• '^'^^m is proper 

13. The convolution product of sheaf complexes 

13.1. Construction of the convolution product. I use the following general 
Proposition 4.2.5 on page 109 of |BBD82j 

Beilinson-Bernstein-Deligne Proposition 4.2.5. If f : X ^ Y is a smooth 
morphism of schemes with relative dimension n and the fibers of f over geometric 
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points are connected, then the shifted puUback f* [n] is a fully-faithful functor from 
perverse sheaves on Y to perverse sheaves on X . 

Fix a Zp-field K and pairs to, n G N and /i, € N. 

Let ^ be a perverse J^'"-'-equivariant £-adic sheaf on M^'"-* and B a per- 
verse Iw^''^''-equivariant £-adic sheaf on Fl^'"''. Because of the morphisms from 
H12.3I (page [75]), I can unify these equivariance properties by saying that both are 
-equivariant. 

The external tensor product A (ordinary derived tensor product of the 

pullbacks along both projections) is another perverse J^'"' '^'"''-equivariant ^-adic 
sheaf on M^"'"^ x Fl^J^'"'^. By Propositionll2.0.2l (page lM)) . pi is smooth. 

The action by comes from the loop group R i— > 'P(i?[[t]]) of a para- 

horic V (depending on char(iir)), which is connected, so by the transitivity state- 
ment of Proposition 112. 5.T] fpage[75 | the geometric fibers of pi are connected. By 
Proposition 4.2.5 of |BBD82| . the pullback pl{A B) is a perverse ^-adic sheaf. 

Since the action ofj(m,n;t.,^)^j(m.n:,,.u) stabilizes pi-fibers, pHA^kB) 

is trivially ai-equivariant: pi o ai ~ pi o pr already. Since the difference between 
ai and a2 is the action 

(7, {9,h)) > — {9,1 °h) 

the initial assumption that A and B were ^ equivariant implies that pi {A^k 
B) is Q!2-equivariant. 

I use the following general Lemma 21 from |HN02) : 

Haines-Ngo Lemma 21. Let n : X Y be a morphism of finite-type "Lp- schemes. 
Let G he a Tip-group scheme. Let ax : G X ^ X a group action over Spec(Zp). 
Let G act trivially on Y . Let J- be a perverse ax -equivariant etale i-adic sheaf on 
X. 

Assume that vr is smooth and surjective on the level of topological spaces, that 
G is smooth, that for any Tip- field K the action of G on X is transitive on fibers 
of TT over K -points, Gk is connected, the stabilizer subscheme of a K -point of X 
is a smooth subgroup of Gk, and that if K is separably-closed, then those stabilizer 
subschemes are also connected. Conclusion: There is a unique perverse i-adic 
sheaf Q on Y such that J- = ■k*{Q). 
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A supplement to the original proof. The morphism "a : Gy — >■ occurring in 
[HN02) is the composition 

where "s" in |HN02] is assumed temporarily to be a section of tt. 
Let 

pix : G X X ^ X 
be the projection. To get the isomorphism 

VTr*s*{T) = a*(J")" 

in [HN02] . take the assumed equivariance isomorphism a'^{J-') = pT^{T), apply 
the functor (id xs)* , and note that 

s o TT o ax o (id xs) = pr^^- o(id xs) 
since G stabilizes Tr-fibers: 

a*J' — (ax ° (id xs))*T 
- (prx°(idxs))*J^ 
= (s o TT o ax o (id xs))*J- 

= a TT s > 

The proof relies on the fact that both a and tt o a satisfy the 2 requirements 
of Proposition 4.2.5 in |BBD82] . It is easy to see that the fiber of tt o a over any 
i?-point y Cz Y is simply Gr x {y}, which is connected by hypothesis when R is 
a separably-closed Zp-field. It is similarly easy to see that the fiber of a over any 
i?-point X & X is the coset StabG(a^)5 for any g £ G satisfying g ■ s{tt{x)) = x. This 
is again connected by hypothesis when i? is a separably-closed Zp-field. Since tt is 
assumed smooth, it only remains to verify that a is smooth. By Proposition 8 in 
§2.4 of [BLR90j . it suffices to check that a is a fiat morphism and that its fibers 
over if -points are smooth for all Zp-fields K. As before, the fiber of a over a point 
X is the coset StabG(a:)5 for any g satisfying g ■ s{t:(x)) — x, and by assumption 
this is smooth whenever i? is a Zp-field. 

Now I verify that a is fiat. Since tt o a is fiat (it is just the projection prj : 
G X y — ^ y), CoroUary 14.25 of jGWlOj implies that it is sufficient to verify that 
all the morphisms Oy induced by a between fibers over y Cz Y (via n o a ^ prj 
and TT, respectively) are fiat. In more detail, if K is an arbitrary Zp-field and 
y : Spec{K) — >■ y is an arbitrary ii'-point, I must show that the morphism 

ay : Gy =^ (G X y) xy Spec(X) — > X Xy Spec{K) '^^^ Xy 
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over Spec (if) induced by the fiber product is flat. Since Gy is a group and flatness 
of a morphism is local with respect to the domain, Corollary 10.85 of |GW10| 
("sufficiently finite niorphisnis to integral schemes are flat almost everywhere") 
implies that I must only show that Xy is an integral if-scheme, i.e. that it is 
reduced and irreducible. That the 7r-fiber Xy is reduced is trivial since tt is smooth 
by assumption. By the transitivity hypothesis, ay is surjective on the level of 
topological spaces, so it suffices to show that Gy is irreducible. But this is obvious 
since Gy is simply Gk x {?/}, which is smooth and connected by hypothesis. 

The sheaf Q is, in the global section case, s*{J-). The general proof is accom- 
plished by using the topological surjectivity hypothesis to cover Y by etale local 
sections (see Proposition 14 on page 43 of jBLRQO) for existence of these), using 
the previous global result, and patching the complexes together. □ 



To apply this to my case, use 

Y = Conv^"'"^^^") 

^ j(m,n ; /j.,!^) ^ j(m,n;/j.,f) 

ax = Q!2 

The assumption on tt is provided by Proposition 112.0.21 The assumptions on G 
are provided by Proposition 112.4.11 (page [77)1 and the discussion in t jl3.1l The two 
assumptions on ax are provided by Proposition 112. 5~T] (pagel78 |) . The assumption 
on J- was verified in the discussion at the beginning of this subsection. 

In my case, denote the object Q from the lemma by 

AQkB 

Note that Proposition 112.0.21 (page EH]) and Lemma 112.2.11 (page [74]) together 
imply that pi and p2 have the same relative dimension over each component of 
Conv^™'"''"'''^ and M'"^"' x Fl^^'''): smoothness of pi and p2 imply constant rel- 
ative dimension, but at the same time ConvlT''"''^''^'' = Mir''"-* x Flk'''^''- This 
means that A Qk B is already perverse (i.e. no shift is needed) . 

At long last, define the convolution product *k by 
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Note that A *k ^ a, complex of ^-adic sheaves on p(^^"'^^''\ Note also that 
— mi since to is a proper morphism. 

Repeating the above discussion using the reversed convolution diagram from 
^TTSl (page 111]) produces the product B Qk A on ^<=^Conv^^''''"'"\ and the "re- 
versed" convolution product B *k A on p(^''"'^''^) jg defined by 

i3*A-^ Qk A) 

There is no ambiguity between the original and reversed convolution products be- 
cause the complexes A and B have different bases. 



13.2. The convolution product of sheaf complexes categorifies the convo- 
lution product of functions. It is natural to ask exactly how the convolution 
product of sheaf complexes is related to the convolution product of functions in the 
Hecke algebra. This is apparently well-known, but since I have not seen it in print, 
I explain it. 

Let TO, n, /i, z/ 6 N be arbitrary. Let A and B be (bounded, constructible) com- 
plexes of £-adic sheaves on M^'"^ and Fl^''^^ equipped with actions of Gal(Qp/Qp) 

that are consistent with the action of Gal(Fp/Fp) on M^'"^ and Fl^''^^ Then 
A*p S is a (bounded, constructible) complex of i?-adic sheaves on p^"'"'^^'') with 
all the same properties. 

By gm] (page El, 

^ p ' p 

SO the associated trace functions under consideration are: 

: Fl('"'"HFp) ^ Q, 
rf :Fl(^''^)(Fp)^Q, 
rXe :Fl("+''^"+'^)(Fp) ^ Q, 

Let X e Fl("+'''"+'''(Fp) be arbitrary and set 

f''=^'{yeFl("'")(Fp) I (2;,x)eConv("^-^^'')(Fp)} 
(f is essentially the fiber TO(Fp)-i(a;) C Conv('"'"'^''')(Fp)) 

Because of the semisimplification done in t ll0.2l (page [5^ , the Fo-invariants 
operation is exact, and the following general Proposition 10 from |HN02| results: 
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Haines-Ngo Proposition 10. Let f : X be a morphism ofFp-schemes and 

let C be a complex of £-adic sheaves on X with an action Gal(Qp/Qp) compatible 
with that on X(Fp). Then for any y G Y(Fp), 

^Mc)iy)= E ^ci^) 

f(x)=y 

This implies that 

yef 

— '{rn,n) — -{i^lm) 

For any y e f, if (/i, fc) e Fl (Fp) x Fl (Fp) is such that p2(^, fc) = (y, a^) 
(such elements exist by Proposition ll2.0.2l fDagel68l))) then setting (y, z) := k) 
(recall that the first coordinates pi and p2 are the same), it is true that 

r3r06(y,a;) = rj(y).r^^(z) 

(this follows from general sheaf theory: the way the operations Kl (external tensor 
product), p\ and P2 interact with stalks) 

Let e C Fl(^''')(Fp) be the set of ah z occuring in this way. Then the above 
sum can be rewritten 

yef 
zee 

To see this as a convolution, infiate and Tg to Fl (Fp) and Fl (Fp) 
and recall the "twisting" that occurs in the 2nd coordinate of p2- Then for any 
X e Fl(™+^'"+'^)(Fp), 

/ieFi'"'"'(Fp) 

h{k{-))=x 

(so h plays the role of "y" and k plays the role of "y~^x" in the expression "(/ * 
5)(a:)=E,/(y)ff(2/~V) 

14. Proof of the Main Theorem 

Let w € W he arbitrary. There exists /i, £ N (infinitely many, all with the 
same difference A = /_* — i^) such that the Schubert variety is contained in 
Fl;^'"-*. Let ICu, be the (perverse) etale ^-adic intersection complex associated to 

the cell Cw in the Bruhat-Tits decomposition of 'Pl'^''^\ The function 

Fp 

T^^ .Fl(",«)(Fp)^Q^ 
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is also an element of the Iwahori-Hecke algebra H. By the main theorems of jKL79] 
and |KL80j , the set of these functions for allw GW forms a vector-space basis 
for H . 

Therefore, to show that G Z{H), it suffices to show that 

? 

^ss , _ss ■ ^ss , ^ss 
T * T — — T — * T 

V IC„ IC„ > 

(ordinary convolution of functions) for every w € W . 

Remark. Notice that none of the Tip-schemes M^™'"^ are genuinely needed in the 
proof except the support M.^^'^") — M'°'^ ofr^^ (allFl^^''^'^ are needed, however). But 
it is not much harder to prove things for a general M^™'"-* than for M*^^'^), and 
it is interesting in any case to have such a degeneration in the unramified unitary 
case. For similar applications to trace functions for non-minuscule X, as is the 
case in [HN02j . the larger schemes M'™^"^ really are necessary. 

Recall from UlLll fpage lSS]) that if ICu, is the (perverse) etale ^-adic intersection 
complex associated to the cell in the Bruhat-Tits decomposition of J-^^q^ (note 
the base field here), then IC^ ^ R5'(ICu_,). RecaU from gTH^l (page [Ml) that by 
definition if IC^ is the (perverse) etale ^-adic intersection complex associated to 
the cell in the Cartan decomposition of Qtq^ then t^^ — t^^,(jq y Using these 
two identities, it suffices to prove that 

—ss ss J_ ss ss 

^R*(IC^,) * %*(IC„) — ^R*(IC„) * ^R*(ICj,) 

By ^13.21 (page [5^ , the convolution product of sheaves induces the convolution 
product of functions, so it suffices to show that 

R*(IC^) R*(IC^) = R*(IC^) R*(IC^) 

Remark. Note that the reversed convolution product occurs on the right-hand-side 
here. 

By the general Lemma 23 of [HN02] ( "nearby cycles commutes with convolution 
product"), this equality is equivalent to the equality 

(36) R«'(IC^ *Q, IC^) ^ R*(IC^ IC^) 

Remark. Lemma 23 of |HN02] applies because the fields involved here are algebraically- 
closed: by an argument similar to that given in the proof of Lemma \10.4.1\ (page 
f5^) . the schemes used here simplify to the GL case after passing to the algebraic 
closure. 

Remark. Lemma 23 in [HN02| uses "smooth base-change" for pi and p2, and 
therefore requires the appropriate analogue of Proposition \T2. 0. 2\ (page\6Bil. 
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The following lemma implies that this last isomorphism p6|) is true. 
Lemma 14.0.1. Recall the isomorphisms from Lemma \12.2. 1\ (page \7^ : 

C{m,n ; u.u) 
onv^, ' ' 

\. m 

Assertion: if A and B are complexes of J^q'"''^''^^ -equivariant i-adic sheaves 
on Mq*'"^ and FIq respectively, then 

i*iA^Q^ B)^AQq^B 
'■'=V(^Hq^ B)^BQq^A 

Applying Rm\ and R{^°"^m\) to these isomorphisms and using commutativity of the 
above square implies that 

A*Q^B^B A. 

Proof. The proof is nearly identical to the one occuring for the 2nd part of Lemma 
24 in jHN02) . replacing the objects and morphisms used there by the slightly mod- 
ified objects and morphisms used in this paper for Lemma [12.2. II (page [74 ]) . □ 
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